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Preface

Former students, collaborators and friends joined togetheéSeptember 29 2012 at
PUC-Rio during the ¥ Logical and Semantic Frameworks with Applications (LSFA
2012) to celebrate Edward Hermann Haeusler'8 Bdthday. Some of them gave talks
on subjects that his teachings and ideas had a direct oegtdiontribution. Here is the
programme of the event:

— Opening: Christiano Braga
Paulo Veloso

Andrey Bovykin, (on behalf of Lew Gordeev)
Luiz Carlos Pereira

Mario Benevides

Mauricio Kischinhevsky
Marcelo Corréa

Isabel Cafezeiro

Leonardo Moura

Alexandre Rademaker

Luis Fernando Gomes Soares
— Closing: Hermann

The following collaborators and friends of Hermann’s cimtted: to these essays:
Paulo Veloso, Lew Gordeev, Luiz Carlos Pereira, Wagner Séaleria de Paiva, Uwe
Wolter, Mario Benevides, Alfio Martini, Marcelo Corréa, ks Cafezeiro, Leonardo
Moura, Vaston Costa, and Alexandre Rademaker. (I have ohosgisplay only their
names in the table of contents, even when they have co-authbeir co-authors, if
any, appear in the contribution inside the book.)

Thanks to Isabel Cafezeiro for suggesting the use of IBM'aiyvRyes with a con-
catenation of the preambles of each article in this bookifercover picture. The actual
picture was generated by Wordle. Thanks to Debora Much8aade for mentioning it
to me by. Thanks to Vaston Costa for helping me wAliX issues and Bruno Lopes for
identifying some formatting inconsistencies in a draftte§tbook. (Of course, all edit-
ing mistakes are my fault!) Apecialthanks to Renata de Freitas and Isabel Cafezeiro
for working hard to make Hermann’'s celebration a joint veatwith LSFA. Many
thanks to the Department of Informatics at PUC-Rio for pélstisponsoring the cele-
bration, in particular to Ruth Maria de Barros Fagundes des§and Professor Marcus
Vinicius Soledade Poggi de Aragéo.

September 2012 Christiano Braga

1 Some of the papers included here were already publishedveloene else. This book was
edited as a gift to E. Hermann Haeusler only. Reproductiotopfrrighted material requires
authorization of the copyright owner.
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A celebration of Hermann'’s achievements in the year of
his half centenary

Christiano Braga

Instituto de Computacéo,
Universidade Federal Fluminense
cbraga@c. uff. br

In 2012 the world is celebrating the centenary of Alan Tugrgrth. One of the
greatest minds of the #@century as Hermann himself wrote in a recent paper to honor
Turing’s achievements. Hermann is one of the most brillrairtds | had the pleasure
to meet.

Edward Hermann Haeusler was born in 1962. He is married tgaONith whom
he has a son, Rafael. Hermann received his BA in Mathematos f)niversidade de
Brasilia in 1983 and MSc and DSc in Computer Science from MRitCin 1986 and
1990, respectively. From 1986 to 1990 he was a faculty meathéniversidade Federal
Fluminense and then at PUC-RIo, his current position. Harmaas also a postdoc
visitor at Aarhus University in 1994 and at Eberhard Karlsvdrsitat Tuebingen in
2003.

Hermann is interested in many things, technical and ottservi#aulo Blauth, a col-
laborator and friend of his, has a quite interesting way talifit: “encyclopedic”. It
is not surprising that his research interests are quitasivéssentially, if it is related
to theoretical computer science, Hermann is intereste@uioting his webpage:

My research interests are Proof Theory, Automated Theorewify, Logical Systems,
Category Theory (CT), Toposes and Higher-Order Theoriestarir Models, Seman-
tics, and the application of this knowledge and the techesgemerged from them in
Software Development and Validation. Structural and Caietjmnal Complexity call
my attention too.

I have written, together with Paulo Blauth Menezes, a boolCategory Theory for
Computer Science, aimed to help teaching CT to undergraduelaisses.

A quite unusual property that Hermann has is that it does xist a person who
dislikes him. (Of course, | do not know everyone who knows bum | know quite a
few and | think this is a fair extrapolation.) Moreover, he&pable of putting together
around a restaurant table, for instance, people that otbemwould not stand to be at
the same quadrant of the known universe. Those people gethgust to be with him.
(I was one of the afore mentioned people so this is a true§tory

It is only natural that people would enjoy working with someowith these three
properties together, that is, (i) an exquisite mind, (ii)ieedse interest in Computer
Science and (iii) a way with people. By the time | wrote thibute, Hermann has
supervised 20 DSc theses, with 4 more underway, 13 MSc thsiesrs and many un-
dergraduate students. Here is the list of Hermann’s acad@c) offspring, so far:
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10.
11.
12.
13.

— Aluizio Haendchen Filho,
— José Viterbo Filho,

— Alex de V. Garcia,

— Lew Gordeev,
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C. Braga

Luiz Carlos Castro Guedes, 14.
Marcelo da Silva Corréa,

Lucilia Camarao Figueiredo, 15.
Eliana Silva Almeida, 16.
Regina Celia Moreth Braganca, 17.
Ana Isabel de Azevedo Spinola, 18.
Leonardo Mendonga de Moura (co-lg'

supervision), 20.

Alex Vasconcelos Garcia,

Isabel Leite Cafezeiro,
Christiano Braga,

Geiza Maria Hamazaki da Silva,
Fernando Naufel do Amaral,
Christian Jacques Renteria,

José Antonio F. de Macedo (co-
supervision),

Carlos Bazilio Martins,

Juliana Carpes Imperial,

David Romero de Vasconcelos,

Vaston Gongalves da Costa,

Alexandre Rademaker,

Ricardo Queiroz de Araujo Fernandes,

with the following people being advised:

Cecilia Englander Lustosa,
Bruno Lopes Vieira,
Marcela Quispe Cruz,
Jefferson Santos.

The following is a non-exhaustive list of collaborators;aeered from DBLP.

Fernando Naufel do Amaral,
Mauricio Ayala-Rincon,
Carlos Bazilio,

Mario R. F. Benevides,
Christiano Braga,

Karin Koogan Breitman,
Isabel Cafezeiro,

Nuno Caminada,

Luis Farifias del Cerro,
Marcelo da Silva Corréa,
Vaston G. Costa,

Alexandre R. Duarte,
Markus Endler,

Cecilia Englander,

Ricardo Queiroz de Araujo Fernandes,

Luiz Carlos Castro Guedes,
Eduardo Sany Laber,

Alfio Martini,

José Meseguer ,

Peter D. Mosses,

Loana Tito Nogueira,
Valeria de Paiva,

Luiz Carlos Pereira,

Ruy J. G. B. de Queiroz,
Alexandre Rademaker,
José Lucas Rangel,
Christian Jacques Renteria,
Wagner Sanz,

Geiza Maria Hamazaki da Silva,
Arndt von Staa,

Sebastian Urrutia,

Davi R. Vasconcelos,

Paulo A. S. Veloso, and
Uwe Wolter.

It is easy to understand now why it was a very difficult taskeaide who to invite
to contribute to these essays and also to give a talk at thre gvBis honor on Septem-
ber 29" at PUC-Rio during LSFA 2012. | wish that those who in one wayother
contributed to this celebration find these essays a nice minoé it.

Hermann, this is for you, a token of my friendship and gragtwith my wishes of
many springs to come.
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H., we've got a problent

Paulo A. S. Veloso

Systems and Computing Engin. Progr., COPPE-UFRJ,
Universidade Federal do Rio de Janeiro; RJ, Brazil,
pasvel oso@nmai | . com

Abstract. We present and discuss some aspects of a mathematical tfeyany-
eral problems and solutions. The aim is providing a framé&wior the precise
analysis of these notions as well as reduction and decotipusi Despite its
wide diversity, problems present some common features.rWW® tgive precise
formulations for some intuitive notions of Polya’s relatecHeuristics.

1 Introduction

Here we present and discuss some aspects of a researchrpeigniag at a mathemati-
cal theory of general problems and solutions. The overall g@roviding a framework
for the precise analysis of these notions as well as related,such as reductions and
decompositions.

Problems have been faced for quite a long time. Some exammalg$e: gathering
food; balancing checkbooks; preparing/grading examsctial flight/metro itineraries;
assembling objects (like cars, aeroplanes, furniture@jsifying biological specimens;
conducting experiments; proving (mathematical) theoresnastructing geometrical
figures; solving algebraic equatiofs.

There is a wide diversity of problems, coming from severdkwaf life and having
distinct goals. They may, however, present some commoariatThis is more likely
to become apparent if we emphasize ‘what’ rather than ‘howe’, what is a problem,
rather than how to solve it. Thus, some intuitive notions olfyR related to Heuris-
tics [Pol’57] can be given precise formulations and analygeor instance, divide-and-
conquer was formulated in terms of abstract data types §@!’

The structure of this paper is as follows. In Section 2, weihice some basic ideas
and discuss them. In Section 3, we examine the central ctsgapblems, conditions
and solutions. In Section 4, we introduce transformatieading to reductions. In Sec-
tion 5, we consider decompositions as reductions to stredtproblems. In Section 6,
we briefly examine some other aspects. Section 7 presentscameluding remarks.

* Research partly sponsored by the Brazilian agencies CN®§ARERJ.

1 This presentation is an extension of some previous onesg¥eVel '11].

2 Kolmogorov used problems in an interpretation for intuitigic logic [Kol '32].

3 To clarify this goal, an analogy may be appropriate: logitrfalizes notions such as proof and
theorem [Ent’72], but its aim is not to teach how to prove tieeas.
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2 Basic ldeas

We now examine some basic ideas and discuss them.

We introduce our basic ideas by means of a simple exampleglgdinding roots
of polynomials. The concept of root of a polynomial is cleaoegh. Nevertheless, the
problem is not yet clearly specified.

Polya [Pol’57] suggests asking three questions in appingehproblem.

(D) What are the daaWhat kind of polynomials are we to handle: linear, quadrati
of arbitrary degree? This affects the nature of the probfarding roots of polyno-
mials is much easier for linear or quadratic ones.

(R) What are the resul’sWhat kind of results do we expect: natural, real or complex
numbers? This may affect solvability and the choice of a weth

(q9) What is the_conditiod A polynomial may have several roots; which one do we
wish: any one, all of them, the smallest one?

Let us say, for definiteness, that we wish to find any complekaba real-coefficient
polynomial with non-zero degree. We now have specified ooiolems as having data
from the set IRX] of real-coefficient polynomials with non-zero degree, fessin the
set € of complex numbers, its condition being the relatidrom IR[x] to C given by
p(x)qciff p(c) = 0.4

Now, a solution for our probler should provide at least one root for each poly-
nomial in IR[x]. So, one might conceive it as a functibn IR[x] — € assigning to each
polynomial gx) € IR[X] a complex numbef(p(x)) €C so as to satisfy the conditian
i. e. polynomial §x) evaluated af (p(x)) gives 0°

This example suggests that a problem is specified by meart0Ds of data, and
R, of results, as well as a binary relatigfrom D to R. Some remarks may be in order.
First, we wish to consider general problems and not onlyifpeéastances: finding a
complex root of the polynomiab& + 5x3 -+ 7x% + 8x + 6 is an instance of our problem
9. Also, this idea encompasses decision problems [Rog '&Jyell as questions in
general, as those with Boolean resultsor L. Note that sets D and R may have some
structure (e. g. operations). In addition to D and R, one naaglother sets; for instance,
our problem) also involves the sets: IN of naturals, Z of integers andflReals.

As for the notion of solution, shall we accept any functiotisging the condition?
The Axiom of Choice may provide functions not fitting our iitions ®

3 Problems: Solutions and Requirements

We now examine the central concepts: problems, conditindsalutions.

4 If we wished, instead, to find the smallest real root of a peafficient polynomial with non-
zero degree, the results would be real numbers with conditi) g’ r iff p (r) = 0 and, for any
"<, p(r') #£0.

5 For instance, we may havig2x — 8) = 4 and f (x? — 5x+6) = 2.

6 The sentencévu: D) (3z: R)q(u,2) asserts that the domain of relatignis all of D. The
sentence(Yu : D)q(u, f(u)) asserts that the Skolem functidnsatisfies conditiory. Such
ideas were used in analyses of decomposition and redudtiovi’B1].
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We consider a problem as a structeevith distinguished domains D, afata and
R, ofresults and acondition a binary relatiorg from D to R.

Let us now examine the concept of solution. It was long fedt ientifying solu-
tions with functions meeting the condition was an oversifigaltion. While these ideas
were used in a programming context, little, if any, harm seémhave been done. A
crucial insight came from the work of E. Hermann Haeuslerd 88, Hae '96] combin-
ing problems and Martin L6f’s Intuitionistic Type Theory fM'84], where he showed
that conditions and solutions may collapse. In the constreiramework of ITT, when
ones finishes specifying a problem, one has already dedaibelution for it!

Now, in geometrical problems, one generally wishes sahgtito be constructed
by straight edge and compass. This rules out a priori somsitgesunctions: only
admissible ones are to be considered. Similarly, in a progremg context, one may
wish only computable functiors.

Let us examine some geometrical problems.

Example 1.Consider the geometrical probleti of finding the midpoint of a segment.
Its solution involves drawing circles, straight lines antersecting them. More pre-
cisely, we have domains D, consisting of pairs of points,Rnaf points, with condition
(A,B)gM iff M is equidistant fromA andB. Its solution involves the steps:

first, draw circle’ andC”, centred aA andB, with the same radius;
next, intersect circlegs’ andC”, to obtain point$’ andP”;

then, draw straight line&B andP'P”;

finally, intersect straight line&B andP’P”, obtaining pointV.

PobdE

The result of a geometrical construction may fail to be ugiqu

Example 2.Consider the geometrical probledt’ of constructing an equilateral trian-
gle over a given sidAB. Its solution involves drawing circles and intersectingrth

1. First, draw circle€’ andC”, centred aA andB, with the radiusAB.
2. Next, intersect circle€’ andC”, to obtain point$’ andP”.

Now, if we draw straight line&P andP’B, then we have the trianghP B. If, however,
we draw straight line&\P” andP”B, then we have another triangh®’B. Both AP'B

7 In a topological context, one may admit only continuous fioms.
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andAP’B are equilateral triangles over Sié@.

P/
/N
Ve N

/ N
A——B

o

Which one of these triangles should one take as result?

We take aonstructiorto be a text that can be executed, like a (maybe non-detestiani
program, or a proot.As texts, we now have some non-extensional comparisons: bot
precise comparisons (such as a more efficient program asea ¢aee or one requiring
less storage) and intuitive ones (such as a more elegarttgotisn as involving fewer
auxiliary lines and a more informative proof as clearer dtdyestructured).

Now, a problem is to be stated. And how is it stated? One de=xiis condition; so
we also have a text describing the problem conditiomeitgiirement

We define groblemas a structur€ with distinguished domains D and R, as before,

and arequirementy describing a binary relation from D to R (not€d= (5, ITQ: q)).

Requirements and constructions may very well be describdidferent languages.
For instance, constructions may described in a programlangyage and requirements
in predicate logic. The crucial difference between thesedgtions is that a require-
ment is intended to be declarative, whereas a construaisugposed to be executable.
It is often convenient to regard constructions as being aiapease of requirements.

A requirement; connects pairs of objects:\él b. The execution of a construction

o transforms objects: & b. So, requirements and constructions have extensions con-
sisting of their ordered pairs. We will use* and ‘=’, respectively, forinclusionand
equalityof extensions.

Consider a constructioo. Given sets D and R, we say thattransformsD to R
(notedo : D — R) iff for every de D, the execution o6 on d produces somegR. We

say thato respects requiremeng (notedo C q) iff d \ﬂ> r, whenever d% r.
Henceforth, we will consider a givesontextA of admissible constructions.

Given a problem = <E), Ez: q), by an.A-solutionfor problems (or a solution for
A-problemsQ) we mean a constructiane A, such that:

(—) otransformsDtoR,i.e0: D — R, and
(C) o respects requirementi. e.o C q.

The proviso ) is analogous to termination for programs [Man'74]. In te®metrical
problem®’ of Example 1, if we select too small a radius in step 1, thdes@’ andC”
will not intersect and the construction will fail to produesults.

8 Such constructions may be those obtained from basic onearbyinations. For the primitive
recursive functions, the basic ones are zero, successarajedtions, the combinations being
composition and primitive recursion; for the partial resive functions, one adds minimiza-
tion [Rog’62].
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There are some natural operations on constructions andeeggents. Given con-
structionso’ anda”, theirconcatenatiorn’; 0” is defined by applying first’ and then
o” to the result. So, it’ : S; — S ando” : S, — Sz, theno’;0” : S — 3. Given re-

quirementsy’, from D to S, andy”, from S to R, theil(serial) compositiony’; q” is the
. I !

requirement from D to R described byq\di riff, forsome elements S, d \7q7> sand
"

s \i> r. Another familiar operation on requirements intercharigput and outputs: for
arequiremend, from S to T, itsconversen the requiremend—, from T to S, described

by t \97> siffs \ﬂ> t. These operations on requirements correspond to fanoities
on binary relations: composition to relational product andverse to transposal. Other
operations arel andr corresponding, respectively, to Booleaandn.

These operations preserve extension inclusions.

Remark L.If p C q, thenp~ C q~, p;g C g;gandf;p C f;q.

4 Problem Transformations

We now examine problem transformations: one often trans$groblems to problems.
Some transformations break problems by interpolating aadiom

Example 3.Consider the problef$ of finding the center of a rectangle. One may inter-
polate a domain of (non-parallel) straight lines, theretgaking it into two consecutive
problems$’, of drawing the diagonals, arfd”, of intersecting them, as follows:

A B

D C RN diagonals

e
_ 7 Intersect

~
-
A

Some transformations traditionally receive particulanes.

Example 4.Examples of specializations and generalizations are bs®l
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— The problem of determining the parity of a sum of integers lsarspecialized by
transforming it to that of adding them modulo 2.

mo
Y/ /A dg Zz X Zz
I |
PrSmi I +2
A A
{EvnOdd} =<— Z,

— Generalization is often convenientfor induction. The peaiof determining whether
a sentence holds in structu® can be generalized by transforming it to that of
whether a formula holds in structu$® under an assignment[Ent’72].

0 2% (g,q)
|
)Zsm"/ J/):sm

These ideas can be formulated as follows.

Consider problemf = <E), Ig: q) andp = <é, '}: p). An analogy fromQ to*}3 (noted
0 7h+ 3) amounts to a paif = (f,g) of requirementst, from D to S connecting data,
andg, from R to T connecting results, such tha;L%L r whenever di> S, S\B> tand
r \E> t, which we can formulate &sp;g~ C q. This can be visualized in Figure 1.

D — — — = — > Sc d - —— —>s d
I | T T
I | | |
I I |

q‘ ‘p |p = q:
L L | |

Y N

R-—=——T M —— — — >t r

Fig. 1. Problem analogy 7}39 B

We cancomposenalogies by composing their requirements in a componsatwi
manneri(f1,g1); (f2,g2) := (f1;f2,81; g2), as shown in Figure 2.

h h hi;h
Corollary 1. GivenQ -5 Qo and» Y 03, we haveQ, 152 Q.

Proof. By Remark 1 and properties of the requirement operationSéiction 3), we
have:(f1;f2);q3; (g1;82) ~ = f1;(f2;93;827);g1™ C fisa2;81 C qa. n
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hl h2 hl;hZ
Q11— —>Q— —>0Q3 Q- —--—-- >3
f1;f2
f1 f2 e
D1 — =>Dy— = >Dg3 D1 D3
| | | | I
q1 | 192 193 911 193
Y Y Y Y Y
Ri——>Ry— — >R R R
1= g > R2 & > R3 1< _ R 3
81,82

Fig. 2. Analogy composition

Reduction is an idea closer to the spirit of problems. [Vé|Bnl'87]. An exam-
ple of reduction is the Cartesian one, reducing geometdblpms to algebraic equa-
tions. Various special kinds of reduction are used in Recnr§heory [Rog’62] and
polynomial reductions are crucial in Complexity [T+V'0%eduction can be formu-

lated as two domain interpolations: one for data and onesfults (see also [VMg'84,
VMh'84]).

Consider problems) = <f),3e: q) and‘p = (é,'}: p). A reductionfrom Q to P
(notedQ LN ) amounts to a pair = (8,p) of A-constructionsd : D — S translating

data andp : T — R retrieving results, such that\eﬂ> r whenever d§> s, S\£> tand

t .E> r, which we can formulate &% p; p C g. This can be visualized in Figure 3. If we

regard constructions as a special case of requirementSécfion 3), ther{d,p) is a
reduction fromQ to P iff (8,p~) is an analogy fronQ to .

p—2 s a2 . d
I I T T
I I I I
I I

q‘ ‘p :P = q:
Y y | |

R——F— T A Y

p

Fig. 3. Problem reductiom) 1N pY

Reductions encompass both specializations and gendi@atizgécf. Example 4).
A reduction transfers solutions.

0
Theorem 1. If Q ( £> P then, for each4-solutiont : S— T for 3, the concatenation
8;T;p is an.A-solution forQ.
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Proof. By Remark 1 (in Section 3): if C p, thend;t;p C J;p;p C g. ]

. . . (5,
One carcomposeeductions by concatenating their constructlonﬁllf( 1.P1) Q>

o o
andQ» ( 2,492) 03, then, (f) 03, with & := 81; 8 andp 1= p2;p1, i. €.:

5 5 01,0
D ——= Dy ——=Dg3 Dl/NDC%
[ \ [ [ [
q1 | 192 193 911 193
s s s s Y
R R R R R
T 2T P e
P2;pP1

5 Problem Operations and Decompositions

We will now examine decompositions as reductions to stinectproblems, correspond-
ing to series, parallel and alternatives.
We begin with serial product and decomposition.

Lot L1
Consider problems8); = (D1,R1: q1) andQ, = (D2, R2: q2), with Ry = D2. Their

serial productis the problem;~- Q7 = <Dﬁ,R;: q1;92), where requirements; qz is

the serial compositions followed by g2 (cf. Section 3). Note that, i, andq, are

closed under some functions or operations, then so is thea €ompositiory1; qz.
We then have concatenation of solutions.

Lemma 1. GivenA-solutionso; for Q1 andos for Q», with Ry = Dy, their concate-
nationoy; oz is an.A-solution for the serial produc~ Q5.

Proof. By Remark 1 (in Section 3): i1 C g1 andos C qp, theno1;02 C q1;q2. =
Example 3 (in Section 4) shows a reduction to a serial protigm: 'R,

By a serial decompositiolnf a problem we mean a reduction di} to a serial
productQi~-£,. We can then concatenate independent solutions.

o
Proposition 1. Consider a serial decompositiod (LP) 01~ 2. GivenA-solutions
o, for Q3 andoy for Q», the concatenatiod; (01;02); p is an.4-solution forQ.

Proof. By Theorem 1 (in Section 4) and Lemma 1. [
We now examine parallel product and decomposition.
Example 5.Consider the problem: given a pointP, a straight linel and segments

AB andCD, obtain a point at distanc&B from P and distanc€D from I. Its solution
involves drawing a circl€ and a straight lin¢ and intersecting them. Here we have 2
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independent problems;, of drawing a circleC centred aP with radiusAB, and»,
of drawing a straight lin¢’ parallel tol at distance&D, as follows:
(P, AB) (1, CD)
T T
qi1 | 192
Y Y
C I
Given requirementgz, from D; to Ry, andqy, from D, to Ry, the parallel re-
quirements the requiremend; x gz, from D1 x D2 to Ry x Ry, described naturally by
X
(d1,dp) q1‘77>qz (rq,r) iffdq \il> rrand @ \f‘i ro. Note that, ifp1 C g1 andp2 C q2,
thenp1 x p2 C q1 X q2. Given constructiong; andoy, theirparallelizationis the con-
structionoy x g2 such that(dy,dy) 01,%02 (r1,rp) iff dyq ! riand @ 22 ro.
Lo ;o1
For problemsQ; = (D1,R1: 1) andQ, = (D2, R2: q2), theirparallel productis the
! +
problem; X 95 := (D1 x D2, R1 x Ro: g1 X q2), with parallel requiremend; x qa.
We have the 4 domain projectiols: D1 x Do — D; (with g;(di,dp) := di) and
pi : R1 x Rz — Ry (with pi(r1,r2) :=r;) Then, we have 2 analogies (cf. Section 4)
o ,pi~
9 ( 'Wel ) 01 X 9.9 For constructions; : Dj — R;, we have their parallelization
01 x 02: D1 x D2 — Ry x Ry so that(oz x 02); pi = &;;0i, namely:
01 o
Dl _— Dj_ X D2 —_— DZ
01 01 >|< 02 02
Ril=———Ri xRy, ——=R»
P1 P2
We then have parallelization of solutions, provided coniéis closed under paral-
lelization construction (which is a reasonable assumjption
Lemma 2. Given A-solutionso; : D1 — Ry for Q1 and oy : D2 — Ry for 95, their
parallelizationoy x 02 is an.4-solution for the parallel producf; X 2.
Proof. By the above remark: ifi; C q1 ando, C g2, thenoy x 02 C q1 X qa2. ]
By aparallel decompositioof a problem? we mean a reduction af to a parallel
. (O,
productQi X ,. Example 5 shows a parallel decomposmbn( —P) 01 X Q.
We can then use independent solutions.

. . (8 . .
Proposition 2. Consider a parallel decomposition ( —P) 01 X Qy. GivenA-solutions
o, for Q3 and oy for Q», the constructiom; (o1 x 02); p is an.A-solution forQ.

Proof. By Theorem 1 (in Section 4) and Lemma 2. ]
9 We haved; ~; (q1 x q2);pi T qi Sinceqy x qz2 = (31;q1;P17) M (32;q2; P27 )-
—
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We now examine sum and alternative decomposition.

Example 6.Consider the problemd: given a natural number m, obtain a natural num-
ber n such that.2 = m (if m is even) and n= 3.m+ 1 (if m is odd). Here we have
2 non-interacting problems2,, of obtaining the half of an even natural, afid, of
obtaining the successor of the triple of an odd natural, baws:

m even m odd
T T

q1 ! 192
Y Y

m/2 3m+1

Given requirementsz, from Dy to Ry, andqz, from Dy to Ry, the alternative re-
quirements the requiremend; + q2, from D; U D> to Ry URy, described naturally by

+ . .
d ql‘”fz riffd \f‘i rord |93> r. Note thatp; +p2 C q1+q2 if p1 C g1 andpz C qgo.

Given constructions1 anday, theirdisjunctionis the constructiow; 4+ 0, defined on
d € D1 UD2 by by applyingos, if d € D1, ando,, otherwise.

Lot o1
Given problems; = (D1, R1: q1) andQz = (D2, Rz: q2), theirsumis the problem
' 0
010097 := (D1 UD2,R1 UR2: q1+ q2), with alternative requirement + qz.
If the data and result domains have structure, we may congié& direct sums

(coproducts). Then, we have insertigns D; — D1+ D andp; : R — R1 + Ro. Thus,

6., .
we have analogies (cf. Section9) ( 7'78') 0109,.1% For constructions; : D; — R,

their disjunctiono; + 02 : D1 4+ D2 — R1 + Ry is such tha®i; (o1 + 02) = 0i; pi, . €.:

o o
D1—1>D1+D2<—2D2

Glj L01+02 jcz

Ri——Ri+Ro=—R»
P1 p2

We then have disjunction of solutions, provided contéis closed under disjunc-
tion construction, which is a reasonable assumption, siigjenction amounts to the
programming construct then else.

Lemma 3. Given A-solutionso; : D1 — Ry for Q3 and oy : D2 — Ry for Qp, their
disjunctiono + 02 is an.A-solution for the sun1095.

Proof. By the above remark: ifi; C q1 ando, C g2, theno1 + 02 C q1+ qa2. ]

By analternative decompositioaf a problemQ we mean a reduction ai} to a

0
sum;09,. Example 6 shows an alternative decomposim)lgl f) 01095.
We can then employ non-interacting solutions.

10 We havedi;qi;pi~ C q1+qz sinceqr +qz = (81;q1;P17) L (82;92;p27)-
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o)
Proposition 3. Consider an alternative decompositial (f) 01095, Given A-
solutionsos for Q5 andoy, for 97, §; (01 + 02); p is an.A-solution forQ.

Proof. By Theorem 1 (in Section 4) and Lemma 3. [

6 Other Aspects

We now briefly examine some other aspects: instances otsttezhange of contexts,
homogeneous problems and divide-and-conquer.

We first examine instances of interest.

Often, one does not wish a solution for all data, but only fane of them. For in-
stance, consider the problem: given a natural m, obtainaalat,such than < m. This
is not always possible, but we may restrict our attentiorhodet of positive naturals.
We then have a restricted problem with subset IN IN of instances of interest.

A restricted problenis a structureQ = (I, 5, ITQ: q), with D, R andq as in Section 3
andl C D asset of instances of interest

We can relativize the previous concepts to sets of instapideserest.

The behavior of a solution (cf. Section 3) is considered amlynstances of interest.

. . L7 .
Given a restricted problenQ = (I,D,R: q), by an.4-solutionfor problem;Q (or a
solution for.A-problem; Q) we mean a constructiame A, such that:

(1 —) otransformd to R: for every de |, the execution of on d produces somegR;

(1 £) o respects requirementoverl: whenever d= | and a2 r, we have dﬂ> r.

A reduction is to preserve instances of interest.

Given restricted problema = (I,ﬁ,ﬁ?: q) and P = (J,é,{': p), arestricted re-
ductionfrom | Q to ;3 amounts to a pair = (8, p) of A-constructionsd: D — S and
p: T — R as in Section 4, with the added proviso thatansformd to J: for every
d € 1, the execution o on d produces somessJ, i. e.0: 1 — J (cf. Section 3).

We then have transfer of solutions much as in Theorem 1 (ofi@ed): given

1Q (6’—9) 11, for eachA-solutiont : J — R for 3, §;T; p is an.A-solution for; Q.

We now consider change of contexts. For proper solutiorstesinwe require con-
text closure under the translations.

Given problems) = (IS,ITQ: q), in contextA, and3 = (éﬁ': p), in contexts, a
context reductiorfirom £ to 3 amounts to a pair = (8, p) of constructionsd: D — S
andp: T — R in A as in Section 4, with the added proviso t®andp transform3
to A, the former by pre concatenation and the latter by post dene#ion:d; B C A
(5,1 € A, whenever € B) andB;p C A (T;p € A, whenever € B).

We now examine homogeneous problems.

The data and result domains of a problem may be the samehe.gpiting problem
has sequences as both domains. Bypmogeneougroblem we mean one with B R.

It turns out that a problem has a homogeneous version caethitt.
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Consider a requirement from D to R, itsenlargemento domains S and T is the
requiremengqr, from D x T to Sx R, described byd,t) sqr (s,r) iff d qr, namely:

(d,t) d
T it .d
ST | N
\ N\
(s,r) r

The homogeneous versioof a problem = (IS,IT?: q) is naturally the problem

! T
9 := (D x R,D x R:q), with homogeneous requirement= pqr, on Dx R.

For instance, consider the probl&dof finding the center of a rectangle (cf. Exam-
ple 3 in Section 4). Its homogeneous requiremegistas follows:

A B
P/
N iff P
A B D C
P
D’ (o4

The projections provide analogies (cf. Section 4) conngcé problem with its
homogeneous version.

Consider the natural projectiodsD x R — D (with 8(d,r) :=d)andp: D xR—R
(with p(d,r) :=r). Note tha®®—;0 == 1p andp~;p = 1r, which we can visualize as:

d- 2o @ 2-d e PP

We then have the following connections.

(q) The equivalence$ = 8;q;p~ andq = 6-;q;p.1*

(&)~ (3p) o o
(:7) AnalogiesQ)  --» ~QandQ --» Q,suchthad ;0 = 1pandp~;p = 1r.
- o
D-—-—-—->DxR DxR————=D
| | | |
a, K gl q
y - y y y
R-—P__pxr DxR—FP R

~

1 Indeed, we haved,r') |- (d,r) iff (d,r') 2 d,d 9 rand(d,r) = r.

ol
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Thus, we can transfer analogies back and forth betweengmband their homo-
geneous versions) --» Piff Q --» P.

Given problemsQ = (IS,IT?: q) and‘p = (éﬁ': p), consider their homogeneous

~ ' 1 - ' 1
versions) = (D x R,D x R:q) and*3 = (Sx T,Sx T: p), as well as the projections
0:DxR—=D,p:DxR—=R,0:SxT—Sandt:SxT—T. So, withp:= (5,p)

andv := (0,1), we have analogie§ }i o) and‘ﬁ Y, 2B, as well as E» 9 and
B v, P, with p= = (6~,p7)andv-:=(0,17).

~

(--») Each analogyd 7h+ B induces an analog@ l‘» ff_’; byﬁ ‘=Wh;v:

~ ~ h
(«--) Each analogyd 7h+ B induces an analog® --» B, by h :=u~;h;v:

h

>

a_
A
M
|

B -

9] _

>

h

~ h o
(e) Every analogy l‘» % is induced by analogd --» P: (h) = h.12

In this sense, the homogeneous problems reflect all proldsrizs as analogies are
concerned.

For homogeneous problems, one may find natural to consideogeneous analo-
gies b = (f,g) with f = g), but these are too restrictive (cf. the analogies between a
problem and its homogeneous version iR’)). So, one may restrict the attention to
problems with D= R, keeping the distinction between data and results. Trierbes
apparent if one examines reductions between a problem sshdiihogeneous version.
They involve choices in the forward data translation anditaekward data retrieval.

12 with h = (f,g), we have(f) = 5;f;0~ = 3;5;f;07;0 = 1p;f; 1s, and similarly,(g) = g.
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The reductions between probleiand its homogeneous versighare as follows:

|
d—" (d,ro) ) —2
T T T T
\ R n !
q : q q : d
! v ¥ v
F~—0p— (d,r) (do,r") ~ r’

We finally consider divide-and-conquer.

We can formulate divide-and-conquer by means of a sum witarallel product:
problems is reduced taQp(Q1 X Q2), so that simple cases are sentg to be
solved directly, whereas other cases are sefil;t! Q» to be decomposed.

Recursive versions of divide-and-conquer are common B@&IVel '85]. For in-
stance, one can sort a sequence as follows: if its lengthr®oat 1, then it is sorted;
otherwise, split it into 2 parts, sort them and merge theltesHere, one sorts by re-
cursive reductions. In general, we wish to obtain a solutidor a problemQ from a
solutiont : S— T for a problent}? by recursive decompositions as follows:

dgs»lmﬂw ifdgses

d=r < q q D
g () oxo ()P g8 (d)

This recursive construction must be guaranteed to termidat
We can now formulate recursive divide-and-conquer as apkicid of reduction.

Consider a problem = (6, ITQ: q), with a well-founded relatior on D. Arecursive
division-and-conquedbr problemsQ based on problerd = (é,'}: p) is a reduction
T=(3,p) fromQ toPO(Q X Q) withd: D — SU(DxD) andp: TU(RxR) = R as

D
in Section 4, with the added proviso; & d and @ < d, whenever d§> (g;) € X.
D

7 Concluding Remarks

We now present some concluding remarks.

We have presented and discussed some aspects of a resea@npaiming at a
mathematical theory of general problems and solutiongyded has been providing a
framework for the precise analysis of these notions as vgalekated ones, like reduc-
tion and decomposition. It started with attempts to givecizeformulations for some
intuitive notions of Polya related to Heuristics [Pol’57].

13 This is often done by resorting to a well-founded relatiordara [Man '74, Wag 83, Tos '88].
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We have begun by introducing and discussing some basiciid&sstion 2. In Sec-
tion 3, we have examined the central concepts: problemajresgents and solutions.
We have introduced analogies as transformations leadiregliactions in Section 4. In
Section 5, we have considered decompositions as redudtiostsuctured problems,
corresponding to series, parallel and alternatives. Iri@e6, we have briefly exam-
ined some other aspects: restriction to instances of sttertbange of contexts, homo-
geneous problems and (recursive) divide-and-conquer.

In reductions such as the Cartesian one, the same coordirsiéan should be used
for data and results. This may lead to result retrievals wiktra arguments, such as
p7:SxT— Rorpp:DxS— R[VMg’'84,VMh’84]. This can handled as follows:

:
instead of reducing) = (I%),IT?: q)toP = <§,+: p), reduceq to P’ = (é,Sx T:p') or

top” = (D i< S,D ; T: p”), wherep’ andp” are appropriate requiremenrits.

The concepts defined seem to capture (part of) our intuittmutthese notions,
which is corroborated by the (simple) results presenteé. djproach is based on ex-
amining structural properties that ensure appropriatevieh of solutions. Also, the
binary operations introduced in Section 5 can be extendsewueral arguments.

We have seen some categories [Mac'71]: the cate@mstr of domains and con-
structions (in Section 3) and the categded of problems and reductions (in Sec-
tion 4). Similarly, one has some allegories [F+S'90]: thiegdry Rgrmt of domains
and requirements (in Section 3) and the alleganyg of problems and analogies (in
Section 4). Examining the operations (introduced in Sedhip we notice that they are
often inherited from corresponding ones on domains. So,hoigét envisage formu-
lating these ideas in terms of categories and allegoriesdbas domains, namely the
categoryCnstr of domains and constructions and the allegegrmt of domains and
requirements, satisfying properties such as those of Refin@n Section 3).

This theory of problems and solutions has found some apjgitst formalization
of program development [HVB'89], program construction [MX84, Vel'91] and syn-
thesis [Hae'96, SHV '02, Sil '04], problem solving [Wag '8%I'86, Enl’87, Vel '87,
Vel’88], design and (complexity) analysis of algorithm®§T88, T+V'90, DTV '02,
T+V’05], as well as heuristics [Ama’04].
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Preamble

This essay is dedicated to Hermann Haeusler’s 50th birtbelapration. Dag-like proof
compression along the lines of [4, 5] is our joint researabigmt inspired by com-
prehensive discussions in PUC-Rio with Hermann, Vaston astaCand Luiz-Carlos
Pereira. In this paper general dag-like compression istaddp representations of al-
gebraic terms. It is shown that any tree-like term repregent can be compressed
to the uniquely determined and easily computable minirimd-dag. In many cases the
size of the corresponding compressed dag-like represemtaiessentially smaller than
the one of the input. In fact there are simple tetmgose tree-like representations are
compressible to dags whose size is merely logarithmic irsitteoft.

1 Introduction

Many familiar tree-like structures admit essential siederction via dag-like compres-
sion. For example consider ordinaigrm algebrain the languageC with constants
and function symbols (abbrf®, g® h® ... deg f®) =k > 0), individual vari-
ables (abbr.x,y,z---). Denote by7, (or just T) the corresponding set of algebraic
terms(abbr.:s;t,r, etc.) defined by standard recursive clauses:

1. Individual variables and constants are terms of the depalso called atoms.

2. Ifty,- -t are terms and ¥ a function symbol, therd® (t,- - ,t) is a term and
depth(f® (t3,--- ,t)) ;= 1+ max{depth(t)) : 1 <i < k}; we can spare brackets us-
ing prenex Lukasiewicz form and writg¥t; - - -ty instead off 9 (ty,--- ,t).

For anyt € T, denote bysuBs(t) the set of subterms of(includingt) that is defined
recursively as follows:

1. If depth(t) = 0 thensus(t) = {t}.
2. Ift=fM(ty,--- ) thensus(t) = {t} UsuB(ty) U---USUB(ty).

Denote by|suB(t)| the cardinality ofsus(t).
By a familiar observation, evettyc 7 admits plaintree-like representatiar, that
is generated by standard recursive clauses (see also efiB)t

* Research partially supported by the ANR/DFG project HYP@BHES (DFG grant Schr
275/16).
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1. tis the root oft.
2. Non-atomic nodes= f® (s}, .- |5) of T generate childrens; ,- - - , .

Thus evenyt is a rooted vertex-labeled tree whose labels are subtermsSaf in
a language with binary function symbolso, a termt = x (x,0 (x(X,y),X)) is rep-
resented by a tre€ having 7 verticesvi, V2, V3, Va4, Vs, Ve, V7 (V1 being the root) as-
signed with subterm labelsx,o (x (X, y),X),* (X, Y),X X\, respectively, and 6 edges
(arrows)vi — Vo,V1 — V3,V3 — Va,V3 — V5,V4 — Vg, V4 — V7. Since the same atom
occurs more than once thwe can equalize leaves andvs and replacé by a “com-
pressed” rootedag-like representatioty (dag directed acyclic graph) that has 6 ver-
ticesvi, Vo, V3, Va, Ve, V7 and 6 edges; — Vo, Vi — V3,V3 — Vg, V3 —> Vo, Vg — Vg, V4 — V7.
Note thatt; is not the optimal compression, since by the same token weurtrer
equalizev, with vg and obtain a smaller d&g having only 5 vertices, Vo, Va, V4, V7
and (still) 6 edges; — Vo, V1 — V3,V3 — V4, V3 — Vo, V4 — Vo, V4 — V7. Butt, can’t be
compressed anymore. This yields a maximal chain of comijoress— t; — t; with
t2 being corresponding minimal compressiort oFurthermore we observe that other
chains of equalizing compressions yield the same (modalmaphism) minimal dag
t =fz. It turns out that for any given term the corresponding minimal dag-like repre-
sentatiort, that we in the sequel denote @i, (t), is uniquely determined (modulo
dag-isomorphism) and definable Aya natural bottom-up recursion (see Theorem 19)
and/orb) any maximal chain of compressions equalizing arbitraryspaii vertices with
equal subterm labels (see Corollary 22). Moreover, the tatmber of vertices occur-
ring in Dmin () is just|suB(t)|.2

Note that andt are uniquely determined by the correspondingmal formsvhose
vertices are natural numbers labeled by function symbéls instead of full subterms
f( (s1,---,5) (see Definition 15). The normal form @y, (t) we denote by~ (t).

min
2 Basic notations and definitions

2.1 Term-like labeled dags

Notations 1. We considetabeled dag® = (D, ¢), where D is the (possibly multiedge)
underlying finitedagand? : v(D) — T the labeling functiony (D) being thevertices
(or node3 of D (: a,b,u,v,w,z, etc.).s(D), L(D), (D) denote respectively treources
(or root9, leavegor terminalg andedgeq’' —') of D. Thus

(Vue s(D)) (We V(D)) (v—u) and (Vue L (D)) (We v (D)) (u—v).

Labeled dags are considered equal if underlying dags ama@phic and preserve the
labels. If S(T) = {u} then D and® are calledrootedandroot(T) := u. Thesizeof any

1 Similar observations (without rigorous proofs) are folidan the context of logic program-
ming, compiler design and related structures (cf. e.g. [8])3 Note that [8] refers to the
minimal compacted (the same as compressed) dag représestas being definable via the
equivalence classes on the input (planar) trees. Howevalpgous dag representations of al-
gebraic terms should have required more careful clariioat handle branching order and/or
identical children (cf. Definition 2 below).
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given® = (D, /) is defined by
1D[:= D] :=#(v (D))
Special dags trees— we’ll denote by T rather than D.

Definition 2. In aterm-like labeled da® = (D, ¢) we assume that anyawv (D) \L(D)
with £(u) = T (sy,---,5) € T has k children (not necessarily pairwise different)
which are numbered ), --- Uy, and Iabeled@(u(i)) :=s. We also assume that the
adjacent edges & u;) are pairwise different, which we sometimes emphasize ly wri
iNg U—j Vv to mean U= VAV = Ugj. Thus(u—iV) # (u—; V) for any i# j, re-
gardless if v£V or v=V. In the sequel we denote iy (Dg) the set of all la-
beled term-like (rooted) dag®. Moreover for the sake of brevity we’ll expose terms
having only binary function symbols?,g® h(® (abbr.: f,g,h,---). In this case we
have binary-branching vertices u wittheg(¢ (u)) = 2 and pairs of adjacent edges
U —1 Ug1),U =2 Urp) Such that uy) = up) = U implies? (u) = f (s;s) where/ (U') =s.

Definition 3. For any t€ T, thetree-like representation= (T.¢) € Dy is a rooted
labeled planar tree defined as follows by recursiordepth(t).

1. Ift=xthenv(T) = {u} and/(u) :=x.
2. Ift=f®(tg,--- ,t) andff = (T, 4) (1 <i <Kk) then

V(T):=v(Ty)W---wv (Ty) w{u}
E(T):=e(M)W---WE(M)W{u—u:1<i<k}

_ Gw)ifweT (1<i<Kk),
é(w).{t if w=u.

where y=root(T;) (and thereby ¥ j = u; # u; and u=root(T)).

Note that if t include only binary function symbols, then¢beresponding tree-like
representation$ are binary-branching trees.

Now let7™ be the set of lists =1y, -+ ,tm, where f € 7. ThusT C 7. For any
t=ty, - ,the T lett:=f1w---wi, = (T, /) € D be analogous tree-like representation
oft. Thatis

=V (M) WV (Ty)
E(T):=e(Ty)W---WE(Th)

=4 (w)ifweT (i=1,---,n)
wheref; = (T;,4) (i=1,---,n). Note thatt € D has n sources.

Definition 4. Forany® = (D,¢) € D, ©1 = (D1,¢1) € D let
D914 (3:v (D) ™V (D1)) (E(D1) = ¢ (E(D) AL =106),
D>D1:D>DIAD] > D],

where¢ (E(D)) := {¢ (u) =i ¢ (v) :u—jve E(D)}. We callbasic dag-like (proper)
compressiotthe reductior® > 91 (D > 1) .
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Lemma 5. The following conditions holdbeing as above).

. > () is reflexive (irreflexive) and transitive.

- V(D1) =¢(v (D)), S(D1) = ¢(s(D)) andL(D1) = ¢
- (Vuve v (D)) (¢ (u) = (V) = £(u) = {1 (¢(u)) =
(Ve v (D)) (v < deg(t(w)) (6 (up) = (@ (W) )-

. (Vu,ve v (D)) (vi < deg(¢(u))) (¢ (u) =0 (v) = ¢ (ug) = (vi)))-

Proof. Straightforward. Note that 4 implies =

(L (D))
(1(9 (V) = £(V))-

g b~ WON PP

Lemma 6. (VD = (D,¢) € Dg) (3t € T) (t> D). Moreover t= ¢ (root(D)).
Proof. Straightforward by bottom-up inductiom
Lemma 7. For any® = (D,¢) € D, suppose :v(D) — Vv (D) satisfies

W =0()=L{(u)= 5())
(VU,vev(D))<(VI<deg ))( ( ) u) ))

Consider a labeled digrap®’ = (D', ¢') uniquely determined b® and¢ viav(D’) :=

Rng(9), E(D') :i={d(u) =i dp(v):u—ijveE(D)}, £ (¢ (u) :=£(u). Then® > D’
holds with respect tg.

Proof. This is obvious, sincé (ug)) = (¢ (u)) ;) impliesu —j v €E(D) = ¢ (u) —i

¢ (v)cg(D). m

Example 8. For any given tc 7 considert = (T, /). Let a# b €v(T) be such that
((a) = (b) € T (hencedepth(t) > 0). Denote by T, (T>p) the subtree of T with the
root a (b). Since by the assumptidiia) = ¢(b) = s (a subterm of t) we have.J =
Tob = Tig),V (Toa) NV (Top) = 0, whereS = (T(y), /() € D, there is an isomorphism
V(Tap) 5 U1 (U) €V(Tea) With £(u) = £(1 (u)) and u—; U €E(Top) < | (U) —i

I (U) €E(T>a), i€ 1(ug)) = (1(u)), where0 < i < deg(¢(u)). Define¢ :v(T) —
v(T) by

~—

_ J1(u) eV (Tsa) ifue v (Tsp),

"’(“)'{u fUgv (T,
We observe thap satisfies the conditions of Lemma 7. For cleaplyu) = ¢ (v) =
¢(u) = £(v). In order to establishVi < deg(¢(u))) (q; (uiy) = (o (u))(i)) it will suf-

fice to showp (u) = ¢ (v) = ¢ (ui)) = ¢ (i), as follows. Supposte(u) = ¢ (v) and
consider the following three cases.

1 uvgv(Top).
2. uvev(Tsp).
p) @n

3. uev(Ts dvé v (Tsp).
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Case 1: We have & ¢ (u) = ¢ (v) = v. This obviously yieldsy = v, and hence
¢ (up)) =0 (vi))- o -

Case 2: We have(l)) = ¢ (u) = ¢ (v) = | (v), which yields u= v by the definition of
I. The rest follows as above.

Case 3: We have(ll) = ¢ (u) = ¢ (v) = v e V(Tsa). This yieldsh (ui)) =1 (us)) =
(H(W) i) = Vi) = ¢ (Vi) by Uiy €V(Tob), V(T=a) 3 V(i) ¢V (Tob).

Now consider®’ = (D', ¢') € D determined b)@ =tand¢ as in Lemma 7. By
Lemma 7 we have> ©’. Moreover D C T and¢ (b) = a, hence|T| > |D'|. Thus
t> D' (with respect tap). This yields a simple instance of vertex-equalization.

Definition 9. For any listt =t3,--- ,t, € 7T denote byset(t) the minimal sublist (mod-
ulo permutations= s, - - - , Sy containing all elements d@f Thus

(Vi<i<j<m)(s#sj)A{st, " ,Sm} = {t1,"-~,tn}.
Example 10. For anyt =ty,--- ,tp € 7 let set(t) = s1,-+- ,S5n =: t’. So m< n and

onto

{1, n} {1, ,m} suchthatV1 <i < n) (t = syg)). LetD ==t = (T, () €
D and®’ =t = (T',¢') € D. Itis readily seen tha yields a surjectior :v(T) °5°

v(T) generatmg@ > ©'; moreover® > ®’ < m < n. Analogously, for any sublist
t' Ctwe havd >t
Example 11. We generalize Example 8. Suppdse 7+ and lett = (T, ) > D =
(D1,¢1) € D be generated by :v(T ) 0QOV(Dl) Suppose & b €v(D1) such that
¢1(a) = £1(b) € T. Choose any & ¢;*(a), i.e. uc v(T) such thaip; (u) = a, and let
o1 (=b) —V(T b) where T :=U{Tov:ve ¢17(b)}. Forany ve o1 *(b), £ (u) =
l1(a) = ¢1(b) = £(v), and hence ;Fu = T>V, (T>u) NV (Tsy) = 0 (cf. Example 8).
Hence there is a homomorphighg® (>b) > w— H (w) €Vv(T>y) such thatl (w) =
f1(H (w)) and H (wg)) = (H (W) ), where0<| <deg(¢(w)). Now defing : v(T) —
v(D1) by .

_ Jor(Hw) ifwe (b)),
w) = ) =
o = { " e et )

By the assumption we hage (w) = ¢1 (W) = ¢(w) = £(w'), which easily implies the
same ford instead ofp1. Arguing as in Example 8 we reduce the remaining condition
of Lemma 7,Vi < deg(¢(w))) (q) (Weiy) = (¢ (W))(i)), to corresponding implication
(W) =0 (W) =0 (w;) =0 (v\/(i)). So supposé (w) = ¢ (w') and consider the fol-
lowing three cases.

1. V\g\/\/¢¢[1(2b).
2. WV‘/€¢1 (2 b).
3. we ¢t (zb)and w ¢ 61" (>b).

Case 2:01(H (W) = ¢ (W) = (W) = ¢1(H (W), since w),wj;, € d1* (>b). So
Lemma 5 (5) yield$ (W) = ¢1 (H (W) = ¢1 (( ( ))(i)) = (( W) )

o1 (H () = o ()
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Case 1. We havéy (w) = ¢ (w) = (W) = 1 (W). If wy; V\/ §Z 6,1 (=b) then
o (W) = o1 (W) = ¢1 (v\/(i)) =¢ (v\/(i)), as required. OtherW|se suppose (with-
out loss of generality) w € ¢;*(=b). Then b= ¢1 (w;)) = ¢1 (v\/(i)), and hence
W(;) € 617 (=b) and H(w;)) = (H (w)) ). H (V\/(i)) = (H(W))), which by Lemma 5
(5) yieldso (w)) = ¢ (V\/(i)) asin Case 2.

Case 3: We havéy (H (w)) = ¢ (W) = ¢ (W) = ¢1 (W) and H(w)) = (H (W) iy-
The rest follows by distinction of cases as in Case 1.

Considerd’ = (D', ') € D determined by :=t and¢ as in Lemma 7. So Lemma
7 yieldst > ©’. Moreover D c D; and¢ (b) = a, and hencéD;| > |D’|. Hencet > ©’

(with respect tad). In the sequel we denote sugh by ©1[a~ b]. Furthermore we

observe thab; > D1 [a.~ b]. A required surjectio’ : v (D) 23°v(D') is well-defined

by the conditions
i [z if (ngéq) >b)) (z= b1 (W
v(2= {¢1(H () else if we o7 l( b)Az= 1 ( )
Namely, for any wv € ¢;* (>b) we have
¢ (W) = 61 (W)
=L(w)=L(W) =>w=w (in Tgbl)
= HW) =H W) = ¢ (H(w) =1 (H(W)).
Now clearly¢’ satisfies
/ _ [or(HW)ifwe ¢ (zb),
JOUDRS D ives c)
and henceD; > ©’ follows by previous considerations (cf. Cases 1-3).
Definition 12. For anyt =ty,---,t, € 7 we call a natural number

3(t) :=min{|0| :T> D}

thedag-complexityoft. A reductiort > © such thai®| = 3(t) is calledoptimal dag-
like compression of. The correspondingptimaldags® are calledminimal dag-like
representation@bbr.: mdr) of t.

Lemma 13. If © = (D, /) is a mdr oft, then/ is injective,
e.(Va,bev(D))(¢(a)=¢(b)=a=Dh).

Proof. This follows from Example 11 by contradictiom.

Corollary 14. Foranyt =t;,---,t, € T+, 3(t) =

(ti)’ =:|suB(t)|. In partic-
i=1
ular foranyte 7, 8(t) = |[SuB(t)|.

Proof. Note that by Lemma 5 (3},>> © implies || > |suB(t)|. Now by Lemma
13,|9| =|¢(v(D))| = |suB(t)|, provided that® = (D, ¢) is a mdr oft. Henced (t) =
[suB(t)]. m
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2.2 Normal forms

Definition 15. For any ® = (D,¢) € D, v(D) = {uy,---,un}, denote byD"F be an
isomorphic labeled digraph that is obtained frat by vertex renaming (u;) =i,
while dropping arguments in the proper term labels. To puhdre precisely we let
DONF = (DNF,NF) where:

v (DVF):={1,--- ,n},
E(DV):={p—iq:up—iugc E(D)},

NFYY pNF ., f(k ifﬂ(u):ﬂk)(t,---,t),
(Vp € v (D)) ¥ (p) .{E(up) o gt

Clearly |D] = |DNF|. If © is rooted we assume that the root isand choose a natural
linear encoding

cod(D"7) := " (1) a1 - Oy degruy)) £ (M) An g O deg(un))
where

OifupeL(D).
For example (cf. above dag-like compressing 0f, o (x (X,y),X)) ), if

_ {qn‘up%I ug € E(D),
Op.i -

{v1,v2,v3,v4,v7}

{V1 —1V2,V1 —3V3,V3 —1V4,V3 —2 V2,V4 —1 V2,V4 —2 V7}
* (X, ( (%,Y),X)), £(V2) =X, £(V3) =0 (x(X,y),X),

(XY (Vs) =y

then®"F := (DVF ¢NF) where

(D)
(D)
(V1)
(Va)

~sm<
|| I

v (D) ={1,2,3,4,5}
E(DV)={1—12,1—-23,3—14,3—22,4—124—,5}
(1) =%, L7 (2) = x, £ (3) = 0, £ (4) = *, (77 (5) =y
This yieldscod(DNF) = x23x0 42 25y.
Lemma 16. There are 1-1 (modulo dag-isomorphism) algorithms

D= D" D cod(D"F) — DNF

Proof. This is obvious.m

3 Basic results

According to Definition 10, for any € 7 the set of mdr oft is not empty. We'll
show that in fact there is only one (modulo dag-isomorphistdj®© of t. Moreover,
we’'ll show that suchD is constructively definable by a natural bottom-up recursio
weight(t), where
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1. weight(x) := 0,
k
2. Welght( ) (tg, - ,tk)) = 1+_z weight(t;),
5 i=1
3. weight(ty, - ,th) = We|ght(t.)
Definition 17. Foranyt=f® (ry,--- r,) € 7,D = (D, ¢) € D with distinguished (not
necessarily distinct) sources.a-- ,a € s(D) and any ve S(D), u¢v(D), let
D*lay, -, a,ut]= (D" ¢*) e Dand® [v]:= (D", ) €D
be defined by
V(D) :=v(D)U{u}, V(D7) :=Vv(D)\{v},
E(D*):=e(D)U{u—ia:1<i<k}, E(D7):=E(D) lyp),
" ]t if w=u, o
y4 (W) = {E(W) else. =7 rV(D*) .
Lemma 18. The following conditions hold for all parameters involvgaovided that
depth(f(k) (ry,--- ,rk)) > max{depth(t;) : 1<i <n}.
1. Let® be a mdr ofef(t). Then® is a mdr oft.
2. Ifmax{deptht) : 1 <i < n} =0, thensef(ty,...,tn) isamdrofg, - ,ty
3. Let® = (D,¢) be a mdr ofset(ry,--- ,rg,t1, - ,tn), &1, -, & €s(D), & (&) =
ri (1<i<n),u¢v(D). Then®* {al,m Lau, FR (g, - ,rk)} is a mdr of
set(f‘k> (1, i) b, 7tn) :
4. Let® = (D,{) be a mdrofset(f(k) (e, ,Tk) o, - ,tn), (V) =0 (ry,--- ),
ves(D). Then®™ [v] is amdr ofset(ry, - - - ,rg,t1,- -+ ,th). Moreover
(97 [V])* |:a17' sV, f(k) (rlv' o 7rk):| =9.

Proof. 1 follows from Example 10. 2 is trivial. Consider 3 whece= 2. Letsy :=
set(ry,ra,ty, -+ ,t), S = (To,fo) andsy := set(f (r1,r2),t1,--- ,t), & = (T1,/1). Let
v1,V2 €3(Tp) be the sources with (v1) =r1, 2(v2) =rz andv € 5(Tz1) the one with
01 (v) = f(rq,r2). Thenv(Ty) = v (To) U{Vv}. Suppose&s > D = (D, £) with respect to
¢ :v(To) *3°v(D), |D| = 5(s0), and consideD” [¢ (va), 0 (v2) . (r1.r2)] = (D, ¢")
whereu ¢ v (D) (cf. Definition 17). Defing)* : v(T1) OE>0V(D*) by

b (W) == u if  w=y,
1 9 (w) else.
e
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Itis readily seen tha > (D*, ¢*) with respect tab*. Moreover, sincelepth(f (rq,r2)) >
max{depth(t;) : 1 <i < n}, by Corollary 14 we have

ID*| = 1+ |D| = 14 8(0)
=1+ |suB(r1) UsuB(rz) UsuB(ty) U---U SUB(ty)|
= |SuUB(f (rio,r2)) USuB(t1)U---U SUB(tn)|
= 6(s1)

Hence(D*,¢*) is a mdr ofs, as desired. Assertion 4 is treated analogously. Suppose
&> D =(D,0), |D| =5(s1), is generated by :v(T1) 22°v(D) and letv € (D) with

£(v) = f(ro,r1). By Lemma5u € s(Ty) with ¢1 (u) = f (ro,r1) is the only solution of

the equatiorv = ¢ (u), u€Vv(Ty). Consider® [v] = (D, ¢) (cf. Definition 17). It is
readily seen thally > (D, ¢~) is generated by Ivit\u: V (To) 0gov(D*). More-
over, sincedepth(f (ro,r1)) > max{depth(t;) : 1 <i <k}, by Corollary 14 we have

ID7| =|D|—1=8(s1)— 1
= |suB(f (ro,r1))Usus(ty)U---UsuB(ty)|—1
= |SuB(rg) UsuB(r1) Usus(t1)U---U suB(ty)|
= 3(%0)

Hence(D~,¢~) is amdr ofsy. (D~ [V])"[a,b,V, f (ro,r1)] = D is readily seenm
Below for the sake of brevity we abbreviaf® [al,--- ,a,u, fK (re,--- ,rk)} by

D {u, f0(ry,-- ,rk)}, provided thai; € s(D) are uniquely determined i® = (D, ¢)
by the conditiond (&) =r;.

Theorem 19. For anyt € 7+ supposed; and®; are arbitrary mdr's oft. Then®; =
D2 (modulo dag-isomorphism). So [Btin (t) := D1 be the uniquely determined mdr
oft. We claim tha® i, (t) is constructively definable by the following recursion 1-A2 o
weight(x). In particular this recursive definition determin®sy;n (t) € Dg, and hence
alsoDNE (1), for any te T. Moreover|Dpin (t)| = | DN, (t)| = [sUB(t)].

min

1. Dnin(t1,...,th) ;= set(ty,...,tn), if max{depth(t;) : 1 <i <n}=0.
2. Supposdepth(f(k) (re, - ,rk)) > max{depth(t;) : 1 <i <n}.

ThenDmin (f(k) (e, 1)ty -+ ,tk) = D* {u, f0 (rq,--- ,rk)} where
D =Dmin(set(ry, - ,rgt1,---,t)) and u¢ v(D).

Proof. By induction onweight(x), Lemma 18 (1-3) implies that recursive clauses
1, 2 determine a family oD mn (t)-like mdr's of t, while Lemma 18 (4) guarantees
that every mdr of is defined by clauses 1, 2. Summing @pyin (t) that is defined by
recursive clauses 1, 2 is the only (modulo dag-isomorphisdr)oft. The rest follows
from Corollary 14.m
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Example 20. Lett:= f (g(x, f (y,h(X,y))),h(X,y)) that contains6 distinct subterms:
X, y, h(x.y), f(%h(xY)), g(x f (%h(xY))) and t. Henced(t) = |sUB(t)| = 6. Note
thatweight(t) = 11. We comput® min (t).
D1= <Dl7€l> = gmln( )
= (@min(@(x f (y;h(xy))),h(x,¥)))" [us,1],
D2 = (D2,£2) == Dmin (9 (X, f (y,h(xy))) . h(X,y))
:(Qmin(xvf(ya ( ))ah( Y )) [Uz g( ,f(y,h(X,y)))],
93 = <D37£3> = @mm (Xa f (ya h (Xay)> ’ h(va))
= (Qmin (X7y7 ( y))) [u37 f (ya h(X7y>>] ’
Dy = <D47€4> len (X Y, (X7y))
= (Dmin (x,y))" [ua;h (x )]
This yields:
V(D4) { b4,U4} E(D4) = {u4—>a4,u4—> b4}7
V(D3) =V (D4) U{uz}, E(D3) = E(Da) U{uz — ba,uzs — Ua},
\Y (Dg) =V (D3) U {Ug}, E(Dg) = E(Dg) U {Uz — a4,U2 — U3}7
\% (Dl) =V (Dz) U {Ul}, E (Dl) =E (Dg) U {Ul — U2,U; — U4}7
and
£4:{<a4 X> < ,y>,<U4,h(X,y)>}
t3=100{(us, f (y,h(x,¥)))},
=30 {{u2,9(x, f(y,h(xy))))},
61762U{<u15 (g( 7f(y5h( 7y>>> (Xay))>}7
=2U{(u,t)}.
HenceDmiy (t) is a labeled dagd1 = (D1,¢1) with 6 vertices and edges, as follows:
V(D1) = {u1, Uz, U3, Us, a4, ba}
E(Dy) = Up — U2, U1 — Uag, U2 — 84, U2 — U3,
Y7\ U — ba, Uz — U, Us — @4, Ug — ba
0= { <U1,t> ) <U2,g(X, f (y,h(X,y)))> ) <U3, f (y,h(X,y))> ) }
(U, h(x.Y)), (a4, %) , (ba,y)
The corresponding normal for@y7 (t) = (D}, £}F) is as follows:
v(D1") ={1,2,3,4,5,6}
(DNF) 1-512,1-24,2—-152—23,
3—)16 3—>24 4—>25 4—>16
O () =1, 07(2)=g (7 (3) =1, (47 (4) =h, (17 (5) =x 17 (6) =y
Thus|Dmin ()| = |DNG, (t)| = [suB(t)| = 6, cod(DNr (1)) = f24g53f64h56xy.
Remark 21. Example 12 shows how to pass frorr © tot > D [a~ b] and D >
D [a~ b], where® [a. b] is obtained fron® by equalizing two distinct verticesla
having the same term-label. So one can produce mdrtshgfiterating the equalizing
e
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reduction as long as possible. Now the theorem shows thasatfigiently long itera-
tion of this kind produces the same n®, (t). Also note that the recursive definition
of Dmin (t) In question corresponds to the most natural “fast” bottomiteration pro-
cedure. By Lemmata 5, 6 this yields a following result.

Corollary 22. Let® = (D, /) € Dg,t = £(root(D)). Then|®| > |suB(t)| andt > D >
Dmin (t) € Dr. Moreover the following assertions hold.

1. Dpin(t) is the uniqued’ € Dg such thatd > ©" and|D’| = |suB(t)|. Thusd (t) is
the uniquely determined minimal-size dag-like compressf®.
2. If|D] > |suB(t)| then

Dmin ('[) =9 [alf\ bl]---[amf\ bm]

where m= |D| — |suB(t)| and & # ba,-- - ,am # bm are arbitrary pairs of vertices
from
9,0~ bi],- ,D[ag A by [@m-1 bm-1],

respectively, while

D>D[ar b1 >D[ar~bi]fag by > >D[ag N by] - [am - b .

4 Discussion

4.1 Efficiency of term compression

We regard®| as basic measure of complexity of any given= (D, ¢) € Dr. Note that
#(£(D)) is linear in|D|.2 However, the term labelé(—) are unnecessarily complex.
Therefore we switch to the normal for@"F = (D"F,/NF) whose labelgNF (—) are
just symbols of the underlying language(either function symbols or atoms), which
makes the size oD"F linear in |D"F| = |D|. By the same token the weight of the
corresponding normal form encodingd(®D"F) is also (nearly) linear in®|.2 Thus
Theorem 19 says tha7, (t) is the most economic dag-like representation of a given
algebraic ternt, while Corollary 22 strengthens this claim by showing tRf _ (t) is
the normal form of the minimal-size compression of @ansuch that = ¢ (root(D)).
Consequently the average ratio betweanight(t) andd (t) = [Dmin (t)| = | DN, (t)] =
|suB(t)| characterizes the efficiency of the underlying dag-like pogssion. It is not
hard to construct a termsuch thatweight(t) exponentially exceedsus(t)|, which
implies that the dag-like compression can exponentiatiyice the weight of standard

term presentation. The following examples show it explicit

Example 23. Consider binary—tree term§B;};., in the language with one function
symbolx :
Bo:=X, Bjt1:=B;jxB;

2 More precisely, the total number of edges is bounded 4|, whered is maximal dimension
(or arity) of function symbols occurring in
3 More preciselyweighicod(DNF)) ~ d - |D|-log|D].
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Obviously
‘weight(Bi) =2+ 1‘
whereas
|3(Bi) = |suB(Bi)|=|{Bo,B1,-- ,Bi}| =i +1]|
Fori <4 we have:
i Bj weight(B;) &(Bj)
0x 1 1
1 #xX 3 2
2 % XX* XX 7 3
3 sk sk XXk XXk kXX 3k XX 15 4
4 sk sk sk XXk XXk kXX XXk 3% 3 XXk XXk XX XX 31 5
Moreover®\t (Bs) = (D)7, 0)F) :
V(D)) = {u, Uz, U3, Us, Us}
E(DYF) = Up —1 Uz, U1 —2 U2, U2 —1 U3, U2 —2 U3,
4777 | Uz —1 Us,U3 —2 Ug,Ug —1 Us, Us —2 Us
62“: = {<ula *) ) <U2, *) ) <U3, *) ) <U4, *) ) <U5,X>}
cod(DNE (Ba)) = %22 33% 44 5EXX
Example 24. Consider Fibonacci term§F };- o in the language with one function sym-
bol + :
Foi=x k=Y, Fi2i=FK+Fu
Obviouslyweight(F) slightly exceeds th&'iFibonacci number, thus being exponential
ini. Butd(F) =|suB(F)| is merely linear in i, nameljsus ()| = |suB(F1)| =1 and
|suB(F)| = |{Fo,F1,---, R} =i+1foralli> 1.
Fori < 6 we have:
i F weight(F) &(F)
0x 1 1
ly 1 1
2 +xy 3 3
3 +X+ Xy 5 4
4 + 4+ Xy+ X+ Xy 9 5
5 4+ 4 X+ XY+ +Xy+ X+ Xy 15 6
6 + + +Xy+ X+ XY+ +X+ Xy + +Xy -+ X+ Xy 25 7
Moreover®Nr (Fs) = (D, £§F) :
v (DgF) = {u1, Uz, U3, Us, Us, Ug, U7}
£ (DNF) ) Up —2U2,U1 —1 U3, U2 —2 U3, U2 —>1 Ug, U3 —2 Ug,
6 /7| Uz —1Us,Us —2 Us,Us —1 Ug,Us —>2 Ug,Us —>1 Uz
gE’\S‘F = {<Ul, +> ; <U2, +> ’ <U3, +> ) <U4, +> ’ <U5, +> ) <U6,y> ’ <U7,X>}
et
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cod(DN:, (Fs)) = 432+ 43+ 54+ 65+ 76xy

min

Problem 25. Consider any algebraic language Estimate#{t € 7. : |SuB(t)| <n},
for any n> 0, in comparison ta#{t € 7. : weight(t) < n} to obtain a more precise
characterization (previous examples suggest that on aeetae former should domi-
nate). Approximate solutions can be obtained by the metbiaisalytic combinatorics
([8,9], et al).

Remark 26. Apart from obvious encoding connections this problem h#erasting
proof theoretic applications. Namely, regard standardtsgss of ordinal notations as
term algebras. So along with traditional tree-like form tteeresponding terms (i.e. or-
dinals)a also admit the (more economical) minimal dag-like représgons©" (o)
with |[DNE ()| = [suB(a)|. Now appropriate approximations éf{a : [sus(a)| < n}
might provide new insights into the theory of analytic phttaasitions of provability
([6,7,10,11], et al).

4.2 Proof compression

Tree-like deductions (or proofs) in familiar proof systeans treated analogously with
respect to proof-like dags whose vertices are labeled witin@ilas (or sequents). As
compared to the term-like case (see above), these labelsoargupposed to deter-
mine children’s ones and might vary under the correspondagglike compressions.
Initial research along these lines is presented in [4], [&] deals with propositional
deductions (see also [2]). Especially in [5] we specify basibof compressions with
respect to appropriate proof system for DNF tautologiegdesed bySEQg. Note that
SEQp is a cutfree dag-like semi-analytic sequent calculus withsstution that has
polynomial size deductions of basic “hard” tautologied tv@ known to have only ex-
ponential size deductions in familiar cutfree sequentuglesolution or cutting plane
proof systems. Moreove&EQ] admits efficient proof search and exponential speed-up
of the corresponding minimal dag-like compressions ofcad tree-like proofs. More
detailed elaboration of propositional proof compresssinging work in progress. Fur-
ther research will concentrate on predicate logic with djfiars that admits dag-like
proof compressions providing superexponential size réatuc
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Abstract. We show that the crude discharging strategy for Natural Dl
implies a loss of unicity of normal form in the implicativeafyment.

1 Unicity of Normal Form

The concept oflischarging functionwas introduced by Dag Prawitz as a component of
an alternative definition of deduction for Natural Deductiystems (see [Pra65] pp. 29-
31). In Prawitz’ first definition of deduction, an applicatiof implication-introduction
with conclusionA — B eliminates every occurrence (if any) of an assump#oim
the derivation of the premidB. The discharging strategy present in this formulation
of implication-introduction is sometimes call¢ide crude discharging strategin the
alternative definition not every occurrence of the assuonpii would have to be dis-
charged by the corresponding application of implicatintreéduction. Adischarging
functionwould tell us which assumptions are discharged and wheyeaifeedischarged
in a proof-tree. Instead of assumptions simply, we would haweassumption classes
and these would be discharged by applications of implicaiidroduction. Prawitz’
first definition of deduction clearly does not allow us to tathoutnon-trivial assump-
tion classes. Although the alternative definition was alygatroduced in the first chap-
ter of [Pra65], it was not used until chapter VI, a chapteraded to Modal Logic,
where a finer analysis of dependency relations was requirtiths modal systems with
good proof-theoretical properties could be defined (asxanwle, the property of be-
ing closed under reductions). In [Lei79], Leivant showeat tischarging functions (or
non-trivial assumption classes) were required in ordensuee that every reduction se-
quence for a given derivatidn is finite. In [Wid01], Wideback showed that discharging
functions are also required if generalizations are to beged. The aim of this short
note is to show thatlischarging functiongre also required if one wants to preserve
unicity of normal.

We shall present below a very simple derivation that red(icesvo steps) to two
different normal forms, if implication-introduction iskan in its more restricted form
according to the first definition of deductiahg crude discharging strategy

* CNPg and PRONEX/FAPERJ
** CNPq 401882/2011-0
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[C]t C—B
M B
A A —B
A A—C B 1
C C—B
B

This derivation reduces in exactly two steps to the follaydifferent normal deriva-
tions,
1. Reduction of maximum formuld — B first:

2. Reduction of maximum formul& — B first:

A A—=C

2 Finitness of the Reduction Process

In order to realize that some reduction sequences are nt firienthe crude dis-
charging strategys adopted just consider the case above where the reduttios are
effected over maximum formulas n:

A
B BI' B-A (B1*
A AoB A A A>B A
B B—A B B B—A
A A>B A,
B B—A
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Abstract. The fundamental idea of “What a logic is?” is now establishech
very active field of research within Computer Science. Usidgunctions as a
built-in foundation we introduce the notion of amdexed Partial Order Frame
and show that it captures in an uniform way important exampféseneral Log-
ics, like Institutions and Entailment Systems. On the otieand, the idea of a
Closure Operator is a fundamental logical tool used to formalize many aspests
syntax and entailment in traditional logic. Capitalizinythe strong relationship
between Triples (as theories) and Adjunctions, our Ind&artial Order Frames
can be seen in an equivalent way as generalized (indexedtéyac@s) closure
operators. This is shown by theorems 3 and 4, which togestate that each
Indexed Partial Order Frame defines uniquely an Indexedu®o®perator and
vice-versa.

Preamble

Alfio and Uwe, worked together on the theory of institutionsam Alfio took his PhD
at Technical University Berlin from 1995 to 1999. After Alfieent back to Brazil, he
proposed in 2005 to involve Hermann when we decided to relawur research on
abstract model theory. Fortunately, Hermann agreed andaweaziay look back to a
very nice and fruitful collaboration resulting in many cabtitions to conferences and
journal papers.

The present paper is based on ideas and proposals of Hermdmwea presented
by himself at XV. EBL 2008. When preparing the paper in Jap2l08 Hermann
had a serious injury while playing volleyball and had to umgbea surgery. Therefore
Alfio and Uwe took over the job to work out Hermann’s ideas. \filkremember with
gladness how happy Hermann was when we managed to send #rdmptme and his
enthusiastic email from the sickbed:

| love you both !l That is a quite good thing to know. W have
at least one thing to get happy this starting of 2008 !!!!

Dear Hermann, we wish you all the very best for your birthdagl are looking
forward for your nice company and collaboration also in tearg that come.
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1 Introduction

The fundamental question of “What is a logic?” is now estli#d as a very active
field of research within Computer Science [6,13]. In [11] weH at this problem from
the point of view of “What mathematical structures lie untath logics with indexed
syntax and semantics on the level of abstraction given byifspetions and model
classes?”. This is done by introducing the concept ofhdaxed Partial Order Frame
which provides an indexed general definition of Logics tla&es natural transforma-
tions and adjunctions as built-in tools to formalize theevaht structures of a logical
system. This concept appears as an abstraction of the dsrospitution and Entail-
ment System and provides, especially, an elegant and hateaunt of the coherence
axioms pertaining to these both logical systems.

On the other hand, one can argue in favour of a purely syotdalefinition of a
particular logic. This in fact happened with Intuitiontsiiype Theory (see [10]) and
other constructive approaches to the foundations of madtiesn Such exclusively syn-
tactically defined logical systems abound in computer s@eliVe cannot forget the
strong syntactical tradition that Logic has.

Moreover, logical consequence (closure) operators arellaeatablished abstract
concept to treat (some aspects) of syntax in Logics and ielskmown that they arise
naturally from Galois Correspondences between spectitsitind model classes. The
categorical generalization of this connection betweesuti® operators and Galois Con-
nections is established by the connection between (que&and adjoint pairs. We use
this connection in order to provide a purely categoricabaat for logical consequence
operators in our setting. Further we investigate under wbatlitions the co-Eilenberg
and co-Kleisli constructions provide a way back from Indéxegical Consequence
Operators to Indexed Frames.

Do to the limitations in space the treatment of morphismsveet the different
kinds of structures presented in this paper and of the vati@nsitions between them
has to be postponed for a later extended version.

2 Institutions and Indexed Frames

The concept of amstitutionintroduced by ®@GUENand BURSTALL [7] formally cap-
tures the notion of logical systems and allowed them to refdate and to generalize
the work they had done in the 70’s on structuring (equatjoscifications (see [3,4])
independently of the underlying logic. A similiar proposélan abstract concept of a
logic had been given already byaBwiIsE [1].

Definition 1 (Institution). An INSTITUTION Z = (Sign,SenMod, |=) is given by the
following data and operations:

— A CATEGORY OF ABSTRACT SIGNATURESSign;

— A SYNTAX FUNCTOR Sen: Sign — Sets, defining for each signature its set of sen-
tences;

— A MODEL FUNCTOR Mod : Sign®P — Cat, defining for each signature, its corre-
sponding category of models;
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— AN INDEXED FAMILY OF SATISFACTION RELATIONS =5 C |[Mod(X)| x SenZ),
> € |Sign|; such that the followingnstitution condition

Mod(¢)(M2) [=; ¢1 <= M2 |==, Ser@)(¢1)
holds for eachp: =3 — 3 in Sign, M2 € [Mod(X5)|, and$; € Ser(Zy).

Institutions are based on a pointwise assignment of sigesitgsentences, and models.
But in design (programming), the relevant objects are notesees (program lines),
but specifications (programs). The following investigati@n this level of abstraction
provide new insights into the conceptual nature of logigatems so that we can give
a fully categorial account of thiastitution condition

Assuming an institutior?, and a set of-sentence$ C Ser{X), we define the
categorymod(X)(I") as the full subcategory induced by those mode|8/ad(X)| that
satisfyrl, i.e.,

[mod(z)(F)| =" {M & [Mod(E)] | ¥ € T : M =5 0} (1)

Analogously, we define for a given subcategbhy Mod(X) of Z-models, the set of
theoremgh(Z)(M) C Sen(Z) given by those sentencésc Ser{X) which are satisfied
by all models inM, i.e., we have

def
th(Z)(M) = {¢ € Ser(Z) | YM € [M|: M 5 ¢}. )
Obviously,mod(%) andth(X) induce mappings betweaispecifications and cate-
gories ofz-models and vice-versa.

Definition 2 (Partial Order Categories). Given a signatur& € |Sign|, we define the
partial order categorySpec(X) of strict specifications, the category where the objects
are all setsI” C Ser{X), and the arrows are all the inverse inclusiofis 2 IM2. Analo-
gously, the partial order categoSub(X) has as objects all subcategoriesC Mod(X)

and as arrows all inclusion functofgl; C Mo.

By definition of Spec(X) andSub(X), we can formulate the usual categorical pre-
sentation of the Galois correspondence arising from anys{aetion) relation as an
adjunctionth(Z) 4 mod(Z).

Proposition 1 (Galois Correspondence)Given a signature € |Sign|, the equations
(1) and (2) define functors m@H) : Spec(X) — Sub(X) andthX) : Sub(X) — Spec(X),
such that tliZ) is left-adjoint to modZ), written th(X) 4 mod(Z), where forl , [, €
[Spe¢x)|, andM, My, M, € |[Mod(X)|, we have:

. th(X) functor: My C M, implies th(Z)(M;) D th(Z)(M,);

. modZ) functor:', O 'y implies modZ)(M2) € modZ)(I1);
. unit: M € mod(Z)(th(Z)(M));

. counit: thX)(modZ)(I")) D T;

. adjointnessM C mod(%)(I") iff th(X)(M)DT.

abr wWNPF
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Note, that for any signature morphigm>; — >, the formation of images and pre-
images, respectively, define funct@er{@) : Spec(X;) — Spec(X2) andMod(¢) 1 :
Sub(Zl) — SUb(Zg)

Lemma 1. A 4-tupleZ = (Sign,SenMod, =) satisfies the institution condition for a
signature morphisnp: ;3 — >, in Sign iff
mod(2,)(Serig)(F1)) = Mod(g) "1(modZ1)(T1)), forall Ty e |Spec(Ly)l.
x| Spec(X1) _modd) Sub(X4)
| | |
Seri) = Mod(¢) *
J j |
b2} Spec(X,) —modz2)—- Sub(X,)

Let PO be the category of all partial orders. We consider hereadatters as spe-
cial categories thuBO is taken as a full subcategory of the categGsy of categories.

Now we putSuli) et Mod(@)~%, andSpecq) def Ser{g) for all : X1 — 2 in
Sign. These definitions induce two (covariant) indexed categ@pecSub: Sign —

PO, sinceS pecdif Senll, where : Sets — PO is the existential image powerset func-

tor, andsub™' Mod°P; P, whereP : Cat°? — PO is the contravariant (inverse image)
power category functor. Hence, the equation in Lemma 1 $mstod2;) is the com-
ponent at¥; of an indexed functomod: Spec=- Sub: Sign — PO. Together with
proposition 1 this crucial observation leads to the follegviconcept of logic on the
level of abstraction given by specifications and model elass

Definition 3 (Indexed Partial Order Frame). AnINDEXED PARTIAL ORDERFRAME
ZF = (Ind,SynDen sem fml)
is given by the following data and operations:

— A CATEGORY Ind,

— AN INDEXED CATEGORY (syntax functor) Synind — PO;

— AN INDEXED CATEGORY (denotation functor) Denind — PO;

— afamily sem of functors seim: Syr(i) — Den(i), i € |Ind|;

— afamily fml of functors fnil) : Den(i) — Syr(i), i € |Ind|;

— afamily (fml(i),senti),n(i),&(i)), i € |Ind| of local adjunctions, i.e., fnil) left-
adjoint to senii), fml(i) 4 sendi) in symbols, unit(i) : idpeyiy = fml(i);senti)
and co-unite(i) : senti); fml(i) = idgyri);

such that the family of functors sé@m i € |Ind| constituteAN INDEXED FUNCTOR
sem: Syn—> Den: Ind — Cat, that is to say, the followin@gndexed frame condition

senti); Den(o) = Syr(o);senij) holds for eacho:i — jin Ind.

Definition 3 specializes the concept ofDEXED FRAME introduced in [11] to partial
order categories. We remind the reader that functors betpaeial order categories are
nothing but monotone mappings and that adjunctions betywesdial order categories
are just (a categorical reformulation of) Galois corregfmrtes. In such a way, Indexed
Partial Order Frames could be also calledEXED GALOIS CORRESPONDENCES
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Theorem 1 (Institutional Frame). A 4-tupleZ = (Sign, SenMod, =) is an institution
iff the 5-tupleZF = (Sign, SpecSubmodth) is an indexed partial order frame, called
the INSTITUTIONAL FRAME for Z. ]

3 Entailment Systems

The concept oéntailment systenmtroduced in [12] reflects those properties of the en-
tailment relatiorl” + ¢ which are independent from the particular rules used torgeae
the relation. This section is devoted to validate the concept of indexatigl order
frame by showing that also entailment systems give risggqaturally, to indexed
partial order frames.

Definition 4 (Entailment System).AnENTAILMENT SYSTEM is a triple
& = (Sign,Senk),

with Sign a category ofsignaturesSen: Sign — Set a functor, and- a function as-
sociating to each signaturg a binary relation-sC 0 (Sen{X)) x Ser{X) called en-
tailment relationsuch that the following properties are satisfieéflexivity: for any
¢ € SeriZ),{¢} F ¢; monotonicity:if T1+Fs ¢ andlz D1 thenl, s §; transi-
tivity: if Tks¢q, foriel,andlFu{¢;|ie€l} sy, thenl s W; H-translationif

M1 ks, ¢1, thenforanyp: X1 — 25 in Sign,Ser{@) (1) Fx, Ser{@)(¢1).

The entailment relatiof-s between sets oE-sentences and single-sentences
can be extended to an equivalent entailment relation betvkegpecifications. For
any signature in Sign we define a correspondirextended entailment relatidfgz
0(SerY)) xO(SertX)) = |Spe€Z)| x |Spe¢Z)|, where forZ-specificationd 1,2 €
Spe¢>) :

Mk To iff Vooela:Ty Fsoo 3)

Lemma 2. Given a signatur& € Sign the entailment relatiofrs has the properties
(1)-(4) of definition 4 if and only if the extended entailmeziation Fz satisfies the
following properties for any 1, 2,3 € |Spe¢)|:

1. projection:l Ul 2 I— o, | e., espeC|aIIy'1 D) P |mpI|esr1 % o

2. product propertyif I'; FE M2 andlM FE I3, thenl'; FE Mu F3,

3. compositionalityif 1 Fs M andlM b5 3, thenl 5 Ts;

4. functor propertyif Iy b5 T2, then for anyp: 23 — 25 in Sign, Ser((p)(rl)
Ser@)(I2).

Note that for[1 = 0 the projection property provides the identity propertg,,i.
r F I foranyl € Spe¢Z). Lemma 2 makes clear that the extended entailment relation

Fz determmes a preorder categd@nt().

Definition 5 (Extended Entailment). Given a signature € |Sign| we define the par-
tial order category Entz) of all Z-specifications with entailment as followabjects:
are aII specification§ € |Spe¢Z)|; morph|smsare all extended entailment relations
M I— I2; identities:are all entailments” F I, I € |Spe¢Z)|; compositionis given
by the compositionality property in Iemma 2.
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Theprojectionproperty in lemma 2 entails th&nt(X) is an extension of the category
Spe¢2), i.e., for any signatur& we obtain an embedding functor

emZ):Spe¢X) — Ent(X) with emZ)(I)=T. 4)
If we consider the set of sentences provable from a spedifichf i.e., if we set

cl(Z)(F) = {¢ € Senz) | T 5 ¢}, (5)
we obtain a so-calledosurefunctor fromEnt(X) to Spe¢x).

Proposition 2 (Galois Correspondence)Given a signature € |Sign|, the equations
(4) and (5) define functors €&) : Spe¢Z) — Ent(X) and cl(Z) : Ent(X) — Spe¢Z),
such that c{%) is left-adjointto eni), i.e., for any specificatior’s, ', € |Spe¢Z)| =
|[Ent(Z)| we have:

1. emZ) functor:l'1 D Iy impliesl’y Fg o

2. cl(Z) functor:'; l—g Iz implies c(Z) (1) 2 cl(Z)(T2);
3. unit: I—E cl(X)() in Ent(X);

4. counit:cl(Z)(F) DT in Spe¢Z);

5. adjointnessf; %g M iff cl(Z)(F1) 2l2.

In the next steps we exploit the functor property in lemmagaio a fully categorial
presentation of the concept “entailment system”.

Proposition 3 (Entailment Functor). The mappings SpedSign| — |PO| and Ent:
|Sign| — [PO| given by definition 2 and definition 5 respectively can beraled to
functors Spec Sign — PO and Ent: Sign — PO if we set for anyp: 21 — 25 in
Sign and for anyl'y € |Spe¢Z1)|: Spec)(1) = Ent(g)(F1) = Serf@)(T'1). In this
way all the functors e(lX) : Spe¢Z) — Ent(X), Z € |Sign| define an indexed functor
em: Spec= Ent: Sign — PO.

Theorem 2 (Entailment Frames).A triple £ = (Sign, Sent) is an entailment system
iff the 5-tuple€ F = (Sign,SpecEnt,emcl) defines an indexed partial order frame,
called theENTAILMENT FRAME for £.

T-institutions as originally introduced by ADEIRO and SERNADAS are essentially
the same as entailment systems. Only transitivity is foatad in a different but equiv-
alent way (see [5]). An abstract interpretationreinstitutions can be given in terms
of closure operators, i.e., in terms of the functensX);cl(Z) : Spe¢X) — Spe¢z).
The generalization of this abstraction step to arbitradeied frames based on the co-
triples (co-monads) given by the adjunctioimal(i) 4 senti) is approached in the next
section.

4 Indexed Logical Closure Operators

In the preceding sections of this article we have seen thabheations can be taken as the
fundamental concept in defining a Logical Framewdnklexed Partial Order Frames
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have been shown to be general enough to express uniformigdkerepresentative ap-
proachesto General Logic definitions. This is one side ohtstry. Triples or Monads
are tighly related to adjunctions. In fact, every adjunctives rise to a triple, while
there are at least two ways of obtaining a pair of adjoint farscfrom a triple. On the
other hand, Triples and their dual concept, Co-triplesnaterally connected to some
algebraic and logical central concepts. Co-triples apfeaexample, as the categorical
counterpart of logical closure operators. In the followiwg investigate how Co-triples
relate to some of the main logical concepts in our approach.

Traditionally, closure operators can be defined in the failhg way (we use the
symbol> to reflect the situation i$ pe¢s)).

Definition 6. Given a partial order(P,>), a closure operator on P is a function C
P — P with the following properties:

— C(x) > x forall x, i.e. C is extensive
— ifx >y, then Gx) > C(y), i.e. C is monotonically increasing
— C(x) > C(C(x)) for all x, i.e. C is an idempotent function.

Note, that we have by extensitivity and monotonicity alx) < C(C(x)) and thus
C(x) = C(C(x)) for all x since> is anti-symmetric.

It is well-known that Galois Correspondences provide aleseperators. Taking
an institutional frame, for example, we obtain an operater (2)(I') = {¢ | I |=x
a} =th(Z)(modZ)(I")). Taking into account proposition 1, note that by the counit
cn_(2)(M)) 2 T (extensivity). If 'y 2 'z thencn_(2)(1) 2 cn_(2)(I"2) because
mod(X) andth(Z) are functors (monotonicity). Now the unit with = mod(X)(I") and
the fact thath(Z) is a functor implies thatn_(Z)(I") 2 cn_(Z)(cn_(Z)(I")). Thus we
have a closure operaton_(Z) on the partial order catego§pe¢z). In a similar way,
we have a closure operaton (Z)(I') ={¢ | T Fsz ¢} = cl(Z)(I") for any entailment
system.

Categorically, definition 6 can be reformulated as

Definition 7. A CLOSURE OPERATORON a partial order category P is a functor C
P — P together with a natural transformatia C = idc and a natural transformation
5:C=C2
The argumentation after Definition 6 entails then Bat C? thusd becomesctually
the identical natural transformation onC = C2.

Definition 7 makes apparent that closure operators can Imeesethe specialization
of the categorical concept of co-triples to partial orddegaries. We provide now the
precise definition of Co-Triple (see [2] as a quite compreheantext on the subject).

Definition 8. A co-triple (co-monady = (G,¢,d) in B is an endofunctor GB — B
together with two natural transformatiorts: G = idg and & : G = G? satisfying the
duals of the diagrams for the triple definition.

G- G
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In the diagrams abov&" meansG composed witlG itself n times. The component of
G.eatb € [B| isg(G(b)), whereassp, is the component of. G atb. Similarly for .

For B a partial order category all arrows in the diagrams in dédiniB become
identical natural transformations thus closure operatogsindeed a specialization of
co-triples to partial order categories. One of the most &mental facts about co-triples
is provided by the following fact discovered by P. Huber [8].

Fact1 LetU: B — C have aleft adjoint E C — B with unitn : idc = F;U and co-unit
€:U;F —idg. Then(U;F,e,U.n.F) is a co-triple onB.

This fact specializes for partial order categories to thd-lweown fact that any Ga-
lois correspondence provides a closure operator and thidadjzation can be directly
applied to indexed partial order frames.

Proposition 4. Given an Indexed Partial Order Fran®? = (Ind, Syn Den sem fml),
we have for each ¢ |Ind|, a closure operatofcn(i),(i),8(i)) on Syri) given by the
functor cr(i) = senti); fml(i) : Syr(i) — Syr(i) together with natural transformations
(i) : cn(i) = ids,r) andd(i) ' senfi).n(i). fmi(i) : cn(i) = cn(i)2. The functor ci)

is called the “logical closure operator” at index i.

In order to motivate the following definition, consider adéxed partial order frame
ZF and its logical closure operatoes(i) for each index € |Ind|. From the very fact
thatcn(i) is a closure operator o8yr{i), we would consider to define a kind of in-
dexed structure of the forifind, Syncn, €, ), where forSyn: Ind — PO is an indexed
category, and, for each indéx |Ind|, (cn(i),&(i),8(i)) is a co-triple onSyr(i). We
cannot expect, however, that the component funan(iy establish an indexed functor
cn: Syn=- Syn since there is the well-known phenomenon that the syitaetnslation
of a closed set of sentences is, in general, not closed.itadHct, for any institutional
frameZF = (Sign,SpecSubmodth), each morphisnp: ¥; — Z; in Sign, and each
I € Spe¢Z,), for example, we don’t get an identity but an inverse in@asi

cn(22)(Spece)(T)) 2 Spe¢)(en_(21)(IN)),

that is a “comparison morphism” pec,). To reflect this phenomenon categorically
we have to use lax indexed functors.

Definition 9 (Lax Indexed Functor). A lax indexed functof : C = D : Ind — PO
from an indexed category nd — PO to an indexed category Dind — PO consists
of the following data and operations:
— foreachie |Ind| A FUNCTOR(i) : C(i) — D(i);
— for eacho : i — jin Ind and the corresponding two functorg® : C(i) — C(j)
and D(o) : D(i) — D(j) , A COMPARISON CELL (a natural transformation§ (o) :
C(0);4(j) = €(i);D(0) : C(i) — D(J)
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Note, that there can be at most one natural transformétimnsinceD( ) is a pre-order
(partial order) category. We can define now an (abstraciy llgo by means of indexed
closure operators.

Definition 10. AnINDEXED LOGICAL CLOSUREOPERATORIS a structure of the form
ZCO = (Ind, Syncn g, 8), with Syn Ind — PO an Indexed Category, crSyn— Syn
a Lax Indexed Functor, and for eactei|Ind| natural transformation(i) : cn(i) =
idsyri), 8(i) : en(i) = cn(i)? constituting a closure operator on Sy

syri) < syri) en(i) 2 en(i) en(i)
-7
Syr(o)l/ lSyr(o) 6(i)l cn(i)|.6(i) / lé(i) -
. Cn(o) . . v. . . .
Syi) ——=Syni)  cnli)z—=onl)  on(i) =— cnli) ——= cni)

By straightforward, but lenghty categorical argumentsit be shown for any indexed
partial order frame that the famlifymi(i) of left-adjoint functors provides a lax indexed
functor fromDeninto Syn Since the compostion of an indexed and a lax indexed func-
tor results again in a lax indexed functor, we obtain by peian 4 the main result of
this section.

Theorem 3. Any indexed partial order fram&F = (Ind, SynDen sem fml) defines
an Indexed Logical Closure Operat@ind, Syncn,€, 0). ]

Theorem 3 can be applied to Institutional and Entailmenttfesproviding the well-
known semantic or syntactic logical consequence operagspgectively (see discussion
after definition 6).

5 From Indexed Closure Operators to Indexed Frames

Given a co-triple there are (possibly) many ways of facwitras adjoint pairs. Two

canonical constructions arise from a co-triple as adjoaitp— the co-Kleisli and

the co-Eilenberg-Moore constructions. The former is @ahiind the latter is final in

the category of all such factorizations. For idempotentriges (G? = G), as in case

of indexed partial order frames, both constructions aravatgnt, which implies that

there is essentially only one solution to this general factpquestion. Let us briefly
describe these constructions focusing on the logical meathiey have in the context
of Indexed Frames.

Definition 11 (co-Kleisli Construction). Given a co-Triple = (G, €,d) on B, the co-
Kleisli category is the category diG), having the same objects 8f as its objects.
Morphisms from a to b are exactly all the morphisms frofa)Go b in B. The identical
morphism from a to a in ckG) is given by the morphism(a) : G(a) — a and the
composition of £ G(a) — b and g: G(b) — c is given be the morphisd{a); G(f);g:
G(a) — cinB.
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Example 1.In an Institutional Fram&F, the co-Kleisli categorgK(cn_(Z)) for each

> € |Sign| is the category of Theory Presentatidng |Spe¢X)|, and there is a mor-
phism froml" € [Spe¢Z)| into A € |[Spe¢Z)| iff cn_(Z)(I) 2 A. In other words,
I' s A. This category is well-known for the algebraic logiciartsislworth noticing
that, since there is at most one morphism frioiinto A, they are isomorphic as objects
in cK(cn_(Z)), whenever they are logically equivalent, thalig=z A andA =5 T

It is clear from the above example that the co-Kleisli catggaeems to be more
natural to be regarded as a logical instance of a catega@dcalept. On the other hand,
theories are captured by the following construction.

Definition 12 (Co-Eilenberg-Moore Construction). Also known as the category of
co-Algebras for a co-Triple, the co-Eilenberg-Moore canstion B¢ for a co-triple

G = (G,¢,0) onB onB has pairs(a,a), witha : a— G(a) a morphism irB, as objects.
A morphism betweefa,a) and (b, ) is any morphism f a — b in B for which, the
following diagram commutes:

a—2 G(a)

lf le
b—PF- G(b)

The composition iBC is provided by the composition dhitself.

Example 2.The co-Eilenberg-Moore categoS/peQZ)C”Hz), for eachZ € |Sign|, in

an Institutional Fram&F, is the category of Theories, i.e., of sets of sentences sat-
isfying the “closedness conditioA’> cn_(Z)(4), i.e., satisfying the conditiod =
cn_(2)(4), since we haven_(Z)(I") 2 T for all sets of sentences. In such away, I
means alsen(=)(A) D cn(Z)() for theoriesA andr™ thusSpe¢s )= is indeed the

full subcategory oS pe¢X) given by all theories.

The above pair of examples on co-Kleisli and co-Eilenbempké constructions
show equivalent categories. For closure operators, inrgéri®th constructions pro-
vide equivalent categories thus we can concentrate on otieesé constructions. We
will look now at the adjunction provided by the co-Kleislirtstruction.

Proposition 5. For any co-TripleG = (G, €,d) onB the assignmentsia a and(f :a—
b) — (e(a); f : G(a) — b) define a functor ig : B — cK(G). Moreover, the assignments
a— G(a)and(f:G(a) = b)— (8(a); f : G(a) — G(b)) define a functor G: cK(G) —
B left-adjoint to ing, G* - ing, and such thatig; G* = G.

The arrowe : ing; G* = idg is the co-unit and the unit : idck(g) = G*;ing is given
byn(a) = idg(q) : G(a) — G(a) for each ain cKG). ]

It can be shown also, that the co-triple that we constructddigct 1 out of the adjunc-
tion (G*,ing, N, €) is exactly the original co-tripléG, €,d).

Example 3.For an Institutional Framg7, the functorinen_ : Spe¢) — cK(cn.) is
the identity on objects and assigns to each inverse incidsio A the semantical en-
tailmentl” =5 A. And, the functorcn; s cK(cno) — Spe¢Z) translates a semantical



“hermann50” — 2012/9/11 — 12:52 — page 46 — #52

46 U. Wolter and A. Martini

entailment” =5 A into an inverse inclusioan_(I") 2 cn_(A) between the correspond-
ing theories.

For partial order categories proposition 5 allows to cargttfor any closure opera-
tor a Galois correspondence that defines exactly this cagperator. And this special-
ization can be directly applied to indexed logical closypemtors.

Proposition 6. Given an Indexed Logical Closure Operadf O = (Ind,Syncn, €, d)
we have for eachd |Ind|, a Galois correspondenden(i)*,ingy, N (i),&(i)) with func-
tors cn(i)* : cK(en(i)) — Syn(i), ingngy = Syr(i) — cK(en(i)) such that iy, en(i)* =
cn(i) together with natural transformatioresi) : cn(i) = idsyyi) andn (i) : idcek cn(iy) =
cn(i)*; ingp) -

The result in proposition 6 for local Galois correspondesncan be lifted up to
Indexed Partial Order Frames providing the inverse to #@d3.

Theorem 4. Any Indexed Logical Closure Operatd€ © = (Ind,Syncn, €, ) defines
an indexed partial order fram@nd, SyncK(cn), ingqi),cn’). ]

Example 4.Applying theorem 3 and theorem 4 to an Institutional Frefie we ob-
tain an Entailment Frame that represents exactly seméeti¢ailment in the original
institution.

Due to lack of space we have not considered morphisms bethedifferent struc-
tures in this paper. Considering them, we should be ableetexyto show that the con-
structions in theorems 3 and 4, respectively, can be extetwl&inctors between the
corresponding two categories of structures. And thesetdusicnay even establish an
adjunction between these two categories.

In the discussion above, the co-Eilenberg-Moore constmeissociated to the pre-
sentation of the logi in terms of its (indexed) logical closure operatorresembles
the syntactical model built up from maximal consistent detemtences, largely used
in proof of completeness, while the co-Kleisli construntiesembles the algebraically
defined Lindenbaum models for a logichased on equivalence classes of equiprovable
sentences. This connection between proofs of completamessolutions to factoring
of co-triples is, apart from worth of mentioning, out of seapf the present article.

6 Concluding Remarks

In this paper, we have introduced the concephdéxed Partial Order Frame and shown
that it expresses in an uniform and elegant way very impbrations of General Log-
ics, likeInstitutions andEntailment Systems. In our abstraction, the satisfaction relation
is precisely captured by families of local adjunctions begw syntax and semantics.
Moreover, since we work with partial order categories, wevslthat such indexed
frames are tightly related to special cases of co-triplesjonads) called closure oper-
ators. To cater for the indexed case we introduce the con¢éptexed Logical Closure
Operators. In fact theorems 3 and 4 show that each Indexed Partial Girdene defines
uniquely an Indexed Closure Operator and vice-versa. Tdrig important connection
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with such varied and traditional logical tools is due to oacidion to use adjunctions
as the very foundation to define what a logical systems sHamiltt is worth to mention
that our approach, being based on adjunctions, is someHatedeo Hyperdoctrines,
the structure that captures predicates and all logicalatjpers as adjunctions [9]. The
approach presented here follows Lawvere’s idea of reggmtifjunctions as one of the
most fundamental concepts in logic. The main differencevbeh both approaches is
that while Hyperdoctrines work out the adjunctions intélgnizom the language level,
our approach uses it to express the (external) relatiofstipeen syntax and models.
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Abstract. In an unpublished note, Reddy introduced an extended ionistic
linear calculus, calledLMS (for Linear Logic Model of State), to model state
manipulation via the notions of sequential composition ‘aegenerative values'.
His calculus introduces the connective “before”and an associated modality
T, for the storage of objects sequentially reusable. Medavifidependently de
Paiva introduced a (collection of) dialectica categorinaldels for (classical and
intuitionistic) Linear Logic, the categorieial,Set. These categories contain,
apart from the structure needed to model linear logic, anaexeinsor product
functor ® and a comonad structure corresponding to a modality retatélis
tensor.

It is surprising that these works arising from completelffedent motivations
can be related in a meaningful way. But in this paper, follayour joint work
with Corréa and Haeusler, we first adapt Reddy’s systiems providing it with a
commutative version of the connective “before”, denotedhgnd an associated
modality and construct a dialectica categorySets which we show is a sound
model for the modified system MS.. Moreover, following the work of Tucker,
we provide another variant of the Dialectica categorie$ \@ihon-commutative
tensor and associated modality, which models sounid¥s itself. We conclude
with some speculation on future applications.

Keywords Intuitionistic Linear Logic, Sequentiality, Models of $a Proof Theory,
Categorical Models.

Preamble

This paper is heavily based on “A dialectica model of stateMarcelo da Silva Corréa,
E. Hermann Haeusler and myself, presented by Marcelo (teeméinn’s PhD student)
at CATS: Computing, the Australian Theory Symposium, inudap 1996 [5]. The
paper has never been published in a journal, it only existisérinformal proceedings
of that conference, so it is hard to find and hard to cite. Butkvem modelling state
manipulation using linear logic ideas is still flourishindostly via the connection to
game semantics and the work of G. McCusker, P. O’'Hearn anc:dd{Rhimself, many
ideas are still being being debated and improved upon. Theisvork on linear logic
model of state seems to me an ideal contribution to thisteibmE. Hermann Haeusler.

* | would like to thank Marcelo da Silva Corréa not only for thenk we did together many
years ago, but also for keeping the files that allowed me tdym®e this version to celebrate E.
Hermann Haeusler’s birthday.
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It is a real pleasure for me to acknowledge the extent of mhabotation, over the
years, with Hermann. Through the ups and downs of the funsiiogtions in Brazil,
England and the United States of America, we have managedrotegether in several
projects, some more official, some more personal, all, atwaylot of fun. Hermann
has always been extremely generous with his time and thas stirdents and through
him | have had the privilege of working with many young takshpeople. Celebrating
Hermann'’s birthday seems to me the best way of bringing theudsion on imperative
notions of state and linear logic back into focus. Happytisisty Hermann!

1 Introduction

The concept of state-manipulation plays an important noledmputation. There are
many attempts to formalise this concept especially usipg tgystems derived from
Girard's Linear Logic [9, 11]. Some aspects of state-malaifpan, like sequencing and
regenerative values, are captured in an interesting waydadirs work on the typ-
ing system described in [11]. Reddy presents an extendeitiamistic linear calculus
for modelling state manipulation; his calculusvis (for Linear Logic Model of State)
adds two extra connectives to those of Intuitionistic Lineagic: a sequencing binary
operator>, called “before”, and a “regenerative” storage operata modality asso-
ciated with “before”, in a way that parallels the relatioipshetween tensor and the
exponential !.

The connective “before” is motivated as the denotation glusatial composition
of components while the “regenerative” storage operatowalus to build sequentially
reusable storage objects. These two constructors areasggriess dynamic values and
imperative programs within the framework of linear logidhile Girard’s “of course”
modality is used to express static values. The approacloisrsto work by embbeding
a higher-order Algol-like language in the systenms.

Reddy’s intuitive idea is that the connective “before” aaps the computational
feature of composition with possible one way (left to rigt@mmunication. Thus this
connective must be noncommutative. If one considers anaofahis connective which
is commutative, one obtains an operator denoting non-edd@r aleatory) combina-
tion of elements. Non-ordered combination does not meaa t@mmunication both
ways, but it can be said to represent concurrent executitrout interaction or syn-
chronization. In this paper we first introduce a new conmecti which is just the
commutative version of Reddyis and we modify the systemLMS accordingly, to
provide a presentation of a systemvS,, for commutative LMS.

Reddy presents a specific categorical model for his calawdirsy a variant of co-
herent spaces and linear maps. However, considering thenatative version of the
connective “before”, related to interleaving as we sug@ge$b], we end up with the
calculusLLMS, for which we had already a dialectica categorical model maars
before.

Dialectica models were introduced by de Paiva [6] as a maitehk intuitionistic
fragment of Linear Logic, that arises from Gddel's Dialeatinterpretation, hence the
name. Later, de Paiva introduced the categdB€q7, 8], a simplified kind of dialec-
tica model, which following a suggestion of Girard, moded thhole of Linear Logic.



“hermann50” — 2012/9/11 — 12:52 — page 50 — #56 jg

50 V. de Paiva

The categorie&C have been re-christen@ialy(Set. The categorieBialy(Set have
exactly the extra structure (an extra tensor product andkara enodality, associated
with this tensor product) to modeLMS.. The extra tensor product, denoted here-hy
can be seen as representing an aleatory combination of elenide extra (monoidal)
comonad can be seen as a commutative version of the “regseésiorage operator.

We first (section 2) describe the proof systelnvS,, obtained by modifyind LMS
to make the connective “before” commutative. In the secBipme describe the specific
dialecticaG category (built over Sets) and show that it is a sound modelfWS..
Then we recap the work of Tucker [14] where a variation of thiestruction produces
a model ofLLMS itself. Finally, we conclude pointing out some future work.

2 The systemLLMS.

The presentation of the systemLafMS. follows strictly the presentation i MS [11],
which itself follows from Retoré’s work [13] opomset logic

The left context of a sequent in.MS; has the following syntax :
= s|A|F0, F1|Fo; M

wheree (empty context) is interpreted dsand the contextBg, 1 andlg; "1 are inter-
preted ad o ® 1 andlNy ® 1, respectively. A context, which does not contain any
occurrences of the connective “;”, is callediadependent context

A contextl is characterized as a pomset(partially ordered multife)<r ), where
[T'| is the set of formula occurrencesiin and<r is a partial order onl"|. They are
defined inductively as follows:
el = {}
Al = {A} <a= {(AA)}
T, T2l = Tl + T2 <ryr,=<r,U<r,
IFisFo = |Faf+ 2| <ryr, = <ry U <r U(IT1| x [F2])U(|T2] x [Ta])

The rules ofLLMS, are just those ofLMS [11], except that we use the symbol
© instead of>>. The fact that> is commutative, whereas is not, is “hidden” in the
definition of the contexts. The rules bfMS are presented in the Figure 1.

Figure 1 also works as a representation of the rules ofS, if we replace in the
definition of contexts the last rule by:

[F1; P2 = [T1f +[F2f where<r;r, = <r, U <r, U(|l1| x [T2]))
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Structural Rule
rrlt:Ser if T =" and<rC<p
Id?n:iR/ RulesA Nl
ArAd ATTF B[ e
Multiplicative Rules
A arFB ., TABKC r-A A-B FAB]FC or
NAFA®B NMA®B|FC MA-AGB NMA®B|-C
Additive Rules
e : FrAk A8t g “ar r &2157 E clét 7 [rA[E]BT E gL
Modalities
rr[w[‘i]icc fweak rr[E‘AA]]iCC fDer r[;r'[AT;AT]Aﬂ EC fThread
rA . _. ) )
TETA (if I is an independent context with only ! or T formulae)
| |
%!Ser %!Contr
r-A . _. , )
TOA (if I is an independent context with only ! formulae)

Figure 1: Proof system afLMS,

2.1 Interplay between tensor structures

Next, we describe some inferences which are derived fromatthetural rule and which

show some interesting interplay between the connectivasd®.
Proposition 1. The following inferences are allowed by the Structural RGler).
(i)A[(A, B);C|-D (ii)A[A; (B,C)]FD
AJA(B;C)|-D A[(A;B),C|FD

_AAB/FC . A[(AC);(B,D)|FE
) smaerc "™aas.co)re
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Commutativity and associativity of the tensor productsadse consequences of the
structural rule. Thaeveak-distributivityproperties

A® (B®C) —o (A®B)®C
(A®B)®C —-oA® (B®C)

follow from the inferencesi) and(ii ), respectively. The inferencési ) and(iv) allow
us to prove that
ARB-—-oA®B
(A®B)® (Co®D) — (A®C)® (B®D)

Summing up and naming the transformations, the followiegiect consequences
of the structural rul&er:

sertARB—AGOB

wdl:A® (Bo&C)— (AgB)©C

wd2: (A®B)®C—AG (B®C)

int: (A®B)®(CoD) —» (AGC)® (BOD)

They all draw on the fact that we can impose the same order wnulae as we
can on contexts, by turning’s into commas’s into semicolons and applying to
the resulting context. A formula on the left can then be tiamsed into the one on the
right if the order on the left formula is included in the oraerthe right formula.

2.2 Cut Elimination for LLMS
We can obtain a Gentzen’s style proof of the cut-eliminatieorem forLLMS..

Theorem 1 (Cut Elimination). If a sequentis provable inLMSg, then it is provable
in LLMS. without an application of the cut rule.

This proof is probably similar to Reddy’s proof [11], but wensider as a measure
of the complexity, the rank as well as the degree of the lastarmula, with the usual
definitions. Special attention must be payed to the casedving 1, for instance, the
case in which theTthread is applied in the lower right sequent of a proof ending by a
cut rule is proved using the inferencgis) and(iv). Corréa’s proof can be found in the
technical report [4].

3 A Categorical Model for LLMS,

To characteriz&LMS, categorically, we consider an instantiatigrof the (symmetric
monoidal closed) categori€saly(Set, developed in [8]. As usual, the interpretation of
the formulae is given by objects of the categgrgnd proofs oL LMS; are interpreted
by morphisms ofj.

Recall that the partial-order with two elemegtavhere one thinks d as false and
lastrue, is closed as a poset. It has a tensor prodyetr{d an internal-hom-{c) such
thata® b < ciff a < b—oc, where® is the usual conjunction and the internal-hom
linear is the usual Heyting implications.
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Definition 1 (dialectica categoryG). The category; is described by:
« Objects are relations oBets that is maps Ux X — 2, written as(U <> X).
e A morphism fromU «%- X) to (V L Y) consists a pair of maps,:fu —V and
F:Y — X, such that the following condition is satisfied
a(u,Fy) < B(fu.y)
where< is the usual order ir2.

Thus there is amorphis(f,F) froma to B iff forall uinU and allyin 'Y, if uaF (y)
then f (u)By. We usually depict a morphisitf,F) in G as follows, to help remember
what happens in which coordinate:

a
U+——X
V——Y

B

The next definition describes the (multiplicative and aud)tstructure of the cate-
gory G we are interested in.

Definition 2 (structure of G). Let A= (U <3 X) and B= (V A Y) be objects of the
categoryg.
e The tensor bifunctor: G x G — G is given by
A©B= (U xV &P xV 5 vV,
where(u,v)a @B (f,g) iff ua f (v) and \Bg(u). Its unitis the object & (1 1), where
1 is the identity relation or.
e The tensor bifuncton: G x G — G is given by
AGB=(UxV P x xy),
where(u,v)a ® B (x,y) iff uax and \By. Its unit is the same object | above.
e The internal-hom bifunctd—, —]¢ G°P x G — G is given by
ABlg = (VW x X" E-uxy),
where(f,F)B%(u,y) iff uax implies By. The relatior3® is given by the composition
VU XY U sy T oy vx 8 o2 22
e The product bifuncto&: G x G — G is given by
A&B= (U xV &P x 1 v),
et
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where(u,v) a&f <§’2> iff either ux or VBy. Its unit is the objecT = (1 <5 0).

)

We could also describe coproducts (or additive disjunsfipa par connective and
the linear negation, but these will not play an importarg inlthe following discussion.

Lemma 1 (G is a smcc)With the structure just described the categ@rig a symmetric
monoidal closed category.

The proof is easy, but worth doing on your own, to appreciagertaturalness of the
categorical constructions.

Lemma 2 (G natural transformations). For any A and B objects @f there are natural
morphisms:

(i) serap): A@B— A®B; !

(i) wdlagc): A® (BOC) — (A®B)©C  (called weak-distributivity 1)

(i) wd2(apc): (AO®B)@C—AG (B®C) (called weak-distributivity 2)

(lV int(A’B,C,D) . (A@ B) X (C@ D) — (A®C) ® (B® D)

Following the pattern of linear logic, modelling the modiak of LLMS, is more
complicated than the tensors. Recall that the cate§etsdoes have free (commutative)
monoid structures. There is an adjunction

F 4U: Mon¢ — Sets

where Mon, is the category of commutative monoids U is the forgetfulchon and
the free functoF applied to a seX

F(X) = (X*an7mX)

consists ofX* the set of finite sequences (up to permutation) of elemen{sef: 1 —

X* is the empty sequence ang : X* x X* — X* means concatenation of sequences.
We need to consider another, different, monad structu@eilstoo. Consider the

monad(Tu, N1, , b7, ), where for a givetJ in Sets Ty : Sets— Setsis the endofunctor

which takesX — XY, Y — YV andifg: X =Y, f € XY is taken tof;g € YV. Its unit

is given by the transpose of the projection, that is the @msnap (N, )x: X —

XY and its multiplication(pr, )x : XY*Y — XY, is simply precomposition with the

diagonal map oiJ.

We define two endofuctors anto model the modalities afLMS..
Definition 3 (tf and G in G). Consider the following endofunctors on
1. The functort onG given on objects by
(U <% X) = (U <% x*) where the relatiort(a) is defined by
u(ta)(xa, - ,xx) iff uoxg and---and wixg
andt acts on maps a$(f,F) = (f,F*).

! There is another natural morphissag: (A® B) — (AOB) whered is the functor correpond-
ing to the par connective, but it shall not concern us here.
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2. The functor G o1 given by

GU <& X)= (U &

xY)
where the relation @ is given by Ga)f iff ua f(u). The functor G applied to a
map(f,F): A—Bis(f,F(—)f): GA— GB.

Formally the relation d is given by the map) x X* 19, 2 which is the composition
Ux X 25 U xx)" %522

(the mapry x: U x X* — (U x X)* takes a tupléu, xq, ..., %) — ((U,X1),..., (U, X))
and2* — 2 using the tensor product B) and the relatioitsa is given by the composi-
tion

UxxY oy ox 90

Lemma 3 (comonad structures fort and G). The functorst and G have natural
(monoidal) comonad structuré$, e+, 6+) and (G, £g,dg), induced by the monad struc-
ture ofx and the monads_fT, respectively.

— The counit(e+)a: TA— Ais given by identity on U and the singleton maS‘XX
X* and the comultiplicatior{d+)a: TA — 12A is given by identity on U and for-

getting brackets X (“igx X*in the second coordinate, as in the diagram

U+—+—X* U < X*

idul ((ﬂ*)x idul I\(p*)x
t2a

U3 X Us+—+—X™

— The counit(eg)a: GA— A'is given by identity on U and the natural constant map
(N7, )x : X — XY in the second coordinate; the comultiplicatitds )a: GA— G2A
is given by identity on U and the restriction to the diagorigh, )x : XV*Y — XY,
in the second coordinate:

Ga
U ¢+—+— XY U J,tx_ NG
idy ]\(HTU )X iduj/ I&(HTU )x
v G?a

U a X U XU xU
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Now there is a distributive law relating our comonads t &xd hen, by abstract
nonsense [2] we have that these comonads compose ar@ lifigtto the category of
coalgebras for t.
Lemma 4 (distributivity law). There is adistributivity lawof comonadé\a: G(TA) —
t(GA) given by
G(fa)
U+—r— (X*)V
idU (AX
v f(Ga)
U+—r—- (XY)*
where each componehk : (XY)* — (X*)Y of the natural transformatioh is given by
the exponential transpose of the following composition
r
(XYY U 22 (XY < Uy & xr
Definition 4 (definition of !). Consider the composite comong®; t) and call it!. Its
functor part acts on objects d$U & X) = (U bl (X*)V) and on maps a¥(f,F) =
(f,F*(—)f). We havee)a: IA— Aand(d)a: |A—IlA as follows:
la U la
U «—— (X*) U (X*)V
idy L]X idy Hx
v 2
a “a #\U\x\U
Ue—— X U e——— ((X*)7))

I (nigx L x oy . .
wherenx is given by X X BT (XY and 1k is given by the exponential trans-
pose of the compositigii(X*)¥)*)Y x U {evry (X)) x U Y (U sy & e (1
X*.

As the name indicates it is this composite comonad that Way phe role of the
modality ! in Linear Logic. Next we emphasize some propsrtidich are used in the
proof of soundness of the model.

Proposition 2 (interplay of ! and t). We have the following facts
et
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1. There is a comonad morphisnk: ! — 1, such thaka: !A — tA is given by

la
U ¢—— (XY

idy l [Bx
ta

U—W— X*

wherefx : X* — (X*)U is given by(nT, ) applied to the object X
2. There is a natural morphisfA® tB — t(A® B) given by(idy xv, (A1,A2) or) as
the diagram shows

UxV T(O()(}?T(B) (X*)V x (Y)Y
/l\
idy xv (As,A2)or
1
UxV T(G;G@B) (XY x YY)

where, intuitively, the map:r(XV x YV )* — (XV)* x (YY)* transforms a sequence
(f1 x g1--- fk X gk) into pairs of sequencel fi--- fk),(g1---0gk)); and the maps
A (XYY = (X*)V andAz: (YY)* — (Y*)V are components of natural transfor-
mations which satisfies the conditions for a “distributies of monads”

3. Forany G-objectA,!A has a comonoid structure(!A,da,ea) with respect to
@ withea: 'A— 1 and da: 'A —!AR!A as its counit and comultiplication, respec-
tively. There is a functor fror§ to ComongG which takes A tq! A, da, €a).

4. Forany G-object A, TA has a comonoid structure(tA,dy,€,) with respect
to® with€: TA—landdy: TA— TA® TA as its counit and comultiplication,
respectively. There is a functor RG — Comon. G which takes A tqtA,dj,€,).
Moreover R is right-adjoint to the forgetful functdd : Comon.,G — G.

Having assembled all the necessary pieces we can now putduyether in the:

Theorem 2 (Soundness ofj). The symmetric monoidal closed categ@ty with
bifunctors internal-honj—, —]g; tensor products2 and®; the additive conjunctiod
and the comonadsand t, is a model forLLMS.. Thus, each entailmeffit - us, A
corresponds to the existence of a morphisrg iif,F): [[] — [A].

To prove the theorem, we have only to check that the rules i, are preserved
by the interpretation presented.

As we hinted before, the category has more structure thangbessary to model
LLMS: for example we do have multiplicative and additive disjtimas in G, as well
as a linear negation.

2 This morphism is similar to ReddySer, but it is not a monomorphism ig.
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4 BacktoLLMS

Two years after the work onLMSc, | realized that the modelling using dialectica cate-
gories could be extended for non-commutative systems likés. My doctoral student
then, Alexander Tucker, wrote a short note on his investigatof the non-commutative
dialectica model and published it in the ESSLLI Student Beagsroceedings [14]. But
Alex decide to stop working on his doctorate and hence thikwas left untouched
for several years. We recall some of Tucker’s results.

Reddy first set out the criteria he believed necessary fortegodcal model of
LLMS. He starts with a symmetric monoidal closed cated@r®, |, —o) together with
an additional monoidal structufe-, ) such that®, 1) is a sub-monoidal structure of
(r>,1). The last condition means that there is a natural mesicA® B — A> B which
preserves the associated monoidal structure. He then wddtnonads associated to
the tensorial structures given kyandr>.

Given such a set up, Reddy defined.laMS-categoryas a symmetric monoidal
closed category, with products and co-products, togetlitbrtive extra tensor product
> and two monoidal comonads, ! and 1t with the former being acarhenad of the
latter via a comonad monomorphiser: ! — . So the intuitio is that T transforms
tensors intox tensors and ! (as usual) transforms tensors into cartestaupts. But
also A must be a comonoid with respectd@and 1A a comonoid with respect to.
Then sincew is a sub-monoidal structure of, !A becomes a comonoid with respect
to o> via the monicser. This comonoid must be a sub-comonoid éf iia the natural
monicSer which must now be a morphism of comonoids as well.

This definition, generalized from the example of coherepeess, needs to be taken
with a pinch of salt. Further work by Bechet, de Groote andR&efl] showed that the
two kinds of logical context, represented by the operatmwing and> need a more
sophisticated treatment.

The partial order over the contexts of thems calculus are in fact a class of order
calledseries parallel order®r SP-orders. These are defined as the least class of partial
orders containing the single element order, and closedrdisieint union and ordinal
sum.

In Bechet et al [1] a set of rewrite rules is given which is a ptete characterization
of the inclusion of one SP-order in another and so by extensioresponds exactly to
Reddy’sSer rule. In fact, the non-trivial rewrite rules correspondqsely to the four
rules given above. Moreover, if we insist that bothandr> have identities which are
equal, thatz is associative and commutative and thais associative and not commu-
tative, then the set of rewrite rules are all derivable frarst the middle interchange
rule.

The natural transformatioser can be obtained frormt by instantiatingB andC
asl, wdl can be obtained by instantiatias| andwd?2 by instantiatingC asl. We
therefore need to exchange for int in the definition of an LLMS-category. With this
big difference in setting, we can re-state Reddy'’s definiibaLLMS-category.

We relax Reddy’s requirements somewhat by neither ingjiimmonotonicity of
the natural transformations, nor dealing with the additieastructs. We also exchange
the natural transformatioser with a natural transformatioimt corresponding to the
middle interchange rule.



“hermann50” — 2012/9/11 — 12:52 — page 59 — #65

Linear logic model of state revisited 59

Definition 5 (Tucker). A modality-free.LMS-category is an sma€, ®, —o, | ) together
with an additional monoidal structurér>,1). The two structures are related via a
monoidal natural transformatiorint : (A>B) ® (C>D) — (A>C)® (B> D).

AnLLMS-categoryis then a modality-freeLMS-category along with two monoidal
comonadd andt related by a comonad morphisger: ! — 1. Also!A must be a co-
monoid with respect t6®, 1), TA a comonoid with respect (o>, | ) andSer a morphism
of comonoids.

With this new definition in tow we can provide a simple diatatimodel for the
systemLLMS itself, instead of its commutative versibhMS.. As before, our categor-
ical model of LLMS is based on a simple dialectica category over the categmsgtef
but this time the objects are partial relations ovehi@e valued poset, or maps into
{false, undefined, true}.

Definition 6 (dialectica categoryL). The category is described by:

e Objects argpartialrelations onSets that is maps Ux X -2, 3, written as(U S X).

o A morphism from(U <% X) to (V <~ Y) consists a pair of maps,:fU — V and

F:Y — X, such that the following condition is satisfied

a(u,Fy) <B(fu,y)
where< is the usual order irB.

With easy, suitable modifications of the work in the previgastion, we can de-
scribe the structure of.

Definition 7 (structure of £). Let A= (U <% X) and B= (V <~ Y) be objects of the

categoryL.
e The tensor bifunctor: G x G — G given by

A®B= (U xV &P XV s vV,

where(u,v)a ® B (f,g) iff ua f(v) and \Bg(u) still has as its unit the object (1 <
1), wherel is the identity relation or.
e The internal-hom bifunctof-, ] : G°P x G — G is still given by

o
A.Blg = (VW x X" E-uxY),
where(f,F)B%(u,y) iff uax implies By. The relatior3® is given by the composition
VU x XY U sy oo oy v ox 8 303 53,
e There is a non-commutative tensor bifunator G x G — G given by
AsB=(UxV &P x xv),

where(u,v)a > (x,y) iff uax land vy, wherelandis the computer sciendazy and
This connective is non-commutative, sifalselandundefinedis false, butundefined
landfalseis undefined The unit of this tensor product is the same object | that wet ha
before.
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Using the same definitions we had before for comonads ! angckpé that now,
instead oftommutativdree monoids, we use simply free monoids, we can model the
systemLLMS modalities and obtain.

Theorem 3 (Soundness o). The symmetric monoidal closed categdly with
bifunctors internal-honfi—, —]; tensor productsw andr>; and the comonadsand T,

is a model forLLMS. Thus, each entailmemtt s A corresponds to the existence of
a morphisminc, (f,F): [I] — [A].

5 Conclusions

The motivation for this work came from O’Hearn’s and Reddyse of Linear Logic to
deal with sequentiality in the semantics of Algol-like prammming languages. Earlier
on we realised that we could use Reddy’s ideas to give a fjcahcharacterization
to some of the (somewhat mysterious) constructions of cliake categorical models
Dialy(Sef) for Classical Linear Logic. In particular it was interesfito find an intuitive
explanation for the comonad t in terms of the extra tensafyto.

Summing up the work so far, we adapted Reddy’s system LLM Sigirzg it with
a commutative version of the connective “before” and an @ased modality. A di-
alectica category was constructed ofetsand shown to be a sound model of the
new system LLMS. Then we went back to the drawing board, in the light of work of
Bechet, de Groote and Retoré and uncovered a dialectical wiodieMSs itself.

Much work remains to be done. Firstly, going back to the aiagmotivation, more
work is needed to relate the system LLM® O’Hearn’s and Reddy’s other work on
Algol-like languages [10, 12]. Secondly, from a logical pestive, we might want to
use this system with two modalities, as a blueprint for wankrelating modalities in
general. Thirdly most of the recent work on sequentialify8es games angolar-
izedlinear logic. It would would be nice if we could find a matherally significant
relationship between linear logic polarization and diieccategories.

References

1. D. Bechet, Ph. de Groote, and C. Retoré. A complete axieatan for the inclusion of
series-parallel partial orders. International Conference on Rewriting Techniques and Ap-
plications Sitges, Spain, October 1997.

2. J. Beck. Distributive laws. IBeminar on Triples and Categorical Homoly Theory, LNM 80
pages 119-140. Springer-Verlag, 1969.

3. M. Churchill and J. Laird. A logic of sequentiality. @omputer Science Logic (LectureNotes
in Computer Science). Springer Verlag, pp. 215-2B%no, Czech Republic, August 2010.

4, M. da S. Corréa, E. H. Haeusler, and V. C. V. de Paiva. A dimla
model of state. Technical Report PUC-Rio.MCC21/95, Depé bhformatica,
Pontificia Univ. Catdlica PUC-Rio, August 1995. (Electically available in
ftp://ftp.inf.puc-rio.br/pub/docs/techreports/95_2brrea.ps.gz).

5. M. da S. Corréa, E. H. Haeusler, and V. C. V. de Paiva. A dima& model of state. In
CATS’'96, Computing: The Australian Theory Symposium Rdiogs Melbourne, Aus-
tralia, January 1996.



10.

11.

12.

13.

14.

“hermann50” — 2012/9/11 — 12:52 — page 61 — #67

Linear logic model of state revisited 61

V. C. V de Paiva. Dialectica categories.Gategories in Computer Science and Loddoul-
der, Colorado, June 1987. American Mathematical Soci€@gntemporary Mathematics,
\ol. 92).

. V. C. V de PaivaDialectica Categories PhD thesis, Lucy Cavendish College, Cambridge,

November 1988. Printed as Technical Report No. 213, Uriyes$ Cambridge Computer
Laboratory, January, 1991.

. V. C. V. de Paiva. A dialectica-like model of linear logim Category Theory in Computer

Sciencevolume 389 olLNCS pages 341-356, September 1989.

. P.W. O’Hearn. Linear logic and interference controlCltegories in Computer Science and

Logic, volume 530 ofLNCS pages 74-93, Paris, France, September 1991. Springeg\Ver
Berlin.

P. W. O’'Hearn, A. J. Power, M. Takeyama, and R. D. Tenn@yntactic control of interfer-
ence revisited. IMFPS X| volume 1 ofEletronic Notes in Theoretical Computer Science
New Orleans, March 1995.

U. S. Reddy. A linear logic model of state: Preliminaragp Electronic manuscript
(ftp),csc.uiuc.edu, directory /pub/reddy/papers, Ma93.9

U. S. Reddy. Passivity and independence.9tln Annual IEEE Symposium on Logic in
Computer Sciencgages 342-352, Paris, France, 1994. IEEE Computer Sdtiess, Los
Alamitos, California.

C. Retoré.Reseaux et Séquents Ordonnés MathématiqBe® thesis, Université Paris 7,
Février 1993.

A. Tucker. Categorical modelling of a state orientedsigar of linear logic. InProceedings
of the Third ESSLLI Student Sessi@aarbruecken, Germany, August 1998.



“hermann50” — 2012/9/11 — 12:52 — page 62 — #68

On the computational complexity of the intuitionistic
modal logic IK

Edward Hermann HaeusfeiMario R. F. Benevides Valeria de Paiv and
Alexandre Rademak@r

1 Department of Informatics, PUC-Rio, Brazil
her mann@nf . puc-rio. br
2 Systems and Computer Engineering Program and Computerc®dizepartment, Federal
University of Rio de Janeiro, Brazil.
mari o@os. ufrj.br
3 Computer Science Department, University of Birmingham, UK
depai va@nmi | . com
4 School of Applied Mathematics, FGV, Brazil
arademaker @nai | . com

Abstract. This article shows that some decision problems for the tiotistic
Modal Logic IK are PSPACE-complete.

Keywords Intuitionistic Logic, Modal Logics, PSPACE-CompleteneGesmplexity

Preamble

Hermann and | have known each other for more than 27 years. rétenfet in the
Computer Science Department at PUC-Rio in 1985. One year; lat started work-
ing together at Universidade Federal Fluminense, whereaveed to build a valuable
friendship.

For more than 20 years, we have participated together in raeagiemic and bu-
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1 Introduction

In [1], it is presented a general approach to prove compmrtaticomplexity of Hybrid
Logics. We would like to focus on the PSPACE proofs. Thiscégtshows how to ob-
tain, from a formulan, a 2-person game, designed to be polynomially implememted i
an Alternating Turing Machine, such that, deciding exiseenf winning strategy for
one of the players is equivalent to decide satisfiability [B&f a. This approach is
used to show that SAT is in PSPACE, since any polynomial timplémentation on
an Alternating Turing Machine can be done in ordinary Turvigchine using poly-
nomial space. For Hybrid Mod#, for example, it is possible to conclude PSPACE-
completeness of SAT, sin¢eis already PSPACE-complete.

The approach briefly explained above has been applied tsiC#dodal Logics.
In this article we adapt the approach in order to take carstaftionistic Modal Logics.
We prove PSPACE-completeness of Intuitionistic ModallK @s presented in [3, 4]).
It is worth noting that the authors are not aware of any resunlthe computational
complexity of the logidK.

Section 2 presents the Intuitionist Modal Logic. Section 3 proves PSPACE-
completeness ak. At the conclusions we comment the computational compéexit
analyzed.

2 The Intuitionistic Modal Logic IK
The language oK is described by the following grammatr.

Az=P|L|-A|AAA|AVA|A—A|DA| OA

In in this article we us& to denote the set of propositional letters of the language
of IK.

In what follows we denote bgi(a) degree ofi, that is, the number of logical con-
stants occurrences m, and, byl (a) the length ofo, the number of logical constants
and propositional letters.

Definition 1. A Kripke model forK is a structureM of the form(W, <,R V), where
W is a non-empty set, ard and R are binary relations on W and is a pre-order.
V is a mapping from W into powerget), such that, forall w € W, if v< w then
V(v) CV(w). Moreover, the following conditions holds:

F1 If w<w and wRv then there exist§ guch that WRV and v< V.
F2 If v <V and wRyv then there is'wsuch that w< w and WRYV.

The above conditions are diagrammatically expressed as:
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It is worthwhile noting that in the above definition, K is transitive then we are
talking about the logiaS4. At the conclusion we will discuss the complexity of this
logic.

Definition 2. Let M = (W, <,R,V) be a Kripke model fork, w e W anda be anIkK
formula. The satisfaction relationyt,w = a, is defined inductively as follows:

A M,wEP,iff, PeV(w)

B M,wh L

C M,wE=aAB,iff, M,wkE=aandM,w =3

D M,wk=aVB, iff, M,wE=aor M,wk=

NEG M,w = —a, iff, forallw', w<w, M,w }~a

IMP M,w = a — B, iff, forall w, w< w, if M,w = athenM,w B
IBOX M,w = Oa, iff, for all w', w< w/, for all v/, WRV, M,V = .
IDIA M,w = <a, iff, there is v, WRVM, v |= a.

We write M = o to mean that, for alv € W, M, w = a. We say that a formula is
satisfiable, iff, there is a modél, such that M = a. We say that a set of formulds
is satisfiable, iff, there is a modaH, such that M =y, for eachy € I'. We say that a
formulaa is IK-valid, iff, M = a, for each modeM. Given two set of formulab and
A, we say thatf + A, iff, there are finite setf, andA,, such thal o C I andA, C A
and /\ y— \/ disIK-valid. A set of formulag” is consistent, iff[ t/ L.

Yelo 3o

3 PSPACE-Completeness dk

We prove thatk SAT® is PSPACE complete. SingeL is properly included irnK, the
lower bound is provided by the well-known theorem of Ladri§rdqn PSPACE com-
pleteness of IPL. The upper bound is shown by adapting theegdafined in [1] to
IK. It is a 2-person game of polynomial size where one of thegragims to find out
satisfiability of a formula. It is such that one of the playkes a winning strategy if
and only if the proposed formula is satisfiable. We remind detéermining existence of
winning strategies in polynomial sized 2-person games eamplemented by PTIME
Alternating Turing Machines, and the later are implememig&SPACE ordinary Tur-
ing machines. This concludes the upper bound. Finally, #ARE=CO-PSPACE, we
conclude that provability ok formulas is also PSPACE-complete.

Theorem 1. IK is decidable regarding satisfiability. The complexity dfsfability and
provability problems are both PSPACE-complete.

Before the proof of above theorem, we need some terminolédgy.is a set of
formulas, aA-Hintikka set is a consistent set of subformulas frm

Proof Consider the formula. We argue the we can find a model foin polyno-
mial space. We denote b¥(a) the set of subformulas af. The game is played by
two playersvbelard and3loise 3loise starts by presenting a ligLo,...,Lx} of {a}-
Hintikka sets, and two relatio® and=< on them, whereX is a inclusion relation. The

5 SAT is the decision problem of finding out whether a formulsasisfiable or not.
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numberk should be polynomially bounded lays length. This is ensured by lemma 1
and lemma 2 below. She loses immediately whenever at leastfdhe following con-
ditions does not hold

Conditions onL

CR1 If LyRLy then for some formul&, OB € Ly andf € Ly,

CR2 If {HY,...,HP,... H¥} be a maximal sub-list of distinct memberslofsuch that
forall j =0,n—1,H RHP ,, then there is a list of formulag>Po, ... ©Bn} such
thatOBj e ij and the degree ofBj1 is strictly smaller than the degree 013;,
forall j=0,n—1.

Cl Ly X Lyiff Ly C Ly

CF1 If Ly % Ly, andLyRLy then there existk!, such that,RL{ andLy < L},

CF2 If Ly % L, andLyRL, then there it such that,, < L), andL{,RL..

Here If B € F(a), B € Lj andL; < Lj, thenf € L;.

Form o € Lgand, ifLj = L; theni = |

CNEG forall L, for all - € F(a), if Li < Lj andp € L; then—f & L;

AND forall Lj, for all B1 AB2 € F(a), if B1AB2 € Lj thenPy e Li, k=1,2

OR for all L, for all B1 vV B2 € F(a), if B1V B2 € Lj then eithe}; € Lj or B2 € Ly

CIMP for all Lj, for all B1 — B2 € F(a), if Li X Lj, B1 €L; andBz £ L thenB; —
B2 &L

CIDIA forall OB € F(a), if LiRL; and<OB & L then & L

CIBOX forallLjandLj, forallOB € F(a), if Li X Lj, LjRLy andB & Ly, thenOB & L

In fact, conditions AND and OR, above, are direct consegegmd Hintikka set
definition.

If Jloisedoes not lose when she presefits,...,Lx} then the game continues and
Vbelard may follow one of the two moves below:

MODAL Vbelard must choose three sets, Lj, Ln, Li < Lj, LiRLy and a formula
A€ Lj to attack andlloise must provide am-Hintikka setY, such that jRY and
Lh XY and respond according to the following items:

DIA If Alis OB, thendloise must provide aro-Hintikka setY, such that € Y
and for all®Gy € F(a), if Oy&Ljtheny£ Y. For allOy e F(a), if Oye L
thenOye Lj,ye LpandyeY.

BOX If Ais O, thendloisemust provide am-Hintikka setY, such thatf3 € Y and
forall Oye F(a), if Oye L thenOye L, ye Lhandye Y. ForallGye F(a),
if Gy&LjthenygY.

IntProp For all -y € F(a), if =y € Ly theny & Y. For ally; — y» € F(a), if
Y1 — Y2 € Ly then eithery €Y oryz €Y.

INTUI Vbelardmust choose three sdig Lj, Ln, Li < Lj, LjRLny and a formulaA € L
to attack anddloise must provide am-Hintikka setY, such thal; < Y and must
respond according to the following items:

Imp If Ais B1 — B2, thendloise must provide ara-Hintikka setY, such that,
eitherBy € Y or B2 € Y. For all -y € F(a), if -y € L; theny ¢ Y. For all
vi— Y2 € F(a),if y1 —y2 € Ljtheneitheyy €Y ory, €Y.
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Neg If Ais —f3, thendloisemust provide am-Hintikka setY, such thatf €Y. For
all =y e F(a), if -ye Lj thenyg Y. Forallys — vy, € F(a),ify1 >y €L
then eitheB1 €Y orBz €Y.

Modal Forall®ye F(a),if Oy€Y theny ¢ Ly. ForallOye F(a), if y¢ L, then
ay&y.

STOP1 In any of the items above, if thé Jloise provides is among tha-Hintikka
sets already on the match, then the game stopslimisk win.
STOP2 If Vbelard cannot provide any of the three sets stated in ittf@&DAL and

INTUI , under the respective conditions, thélniseloses.

If she cannot provide such &has above then she loses. If she is able to provide an
answer then the game continues with the Yhazlded to the set of Hintikka sets already
presentedvbelard has to choose a nely and a formula, belonging to it, with smaller
degree than the previous one to attack anddwdintikka setsL; andLy, and the game
goes on this new formula and the three statgd ; andLp. Jloisewins, whenever she
can answer the attacks, otherwidgelard wins.

The game is finite, since its termination is determined bydégree ofx. Moreover,
since the number of subformulas of a formula is polynomibynded by its degree,
the game has polynomial size.

We prove the following lemmas, that, together, ensure fhaise can always pro-
vide a polynomially bounded sets ofHintikka sets whem is satisfiable.

Lemma 1. Let L= {Ho,Hs,...,Hx} be a list ofa-Hintikka sets satisfying the initial
conditions on L. Le{Hp,,...,Hp,...,Hp,} be a maximal sub-list of distinct members
of L, such that for all j=0,n—1, Hp, RHy, , orforall j =0,n—1, Hp; < Hp, ,, and
forall j1,jo=0,n, if Hy, =Hp, then j = j2. So, k is polynomially bounded bial).

Proof. We have two cases:

<: We firstly observe that, by iterHere of the conditions that hold oh, if 3 € Hy,
andHp, < Hp; thenP € Hy,. From this observation we can conclude that a maximal
list of inclusions of distinct Hintikka sets is limited byo).

‘R: This case is straightforward by the condition bf CR, onaecficery maximal sub-
list of distinct members of {Hp,,...,Hp,...,Hp,}, there is a list of subformulas
of a {OBo, ... OPn} such thatdBj € Hp; and the degree afB;.1 is strictly smaller
than the degree o, for all j = 0,n— 1. Hence, the sub-list of Hintikka sets is
limited by (a). ]

Given a list ofa-Hintikka sets satisfying the conditions stated in 3, atestabove,
we can, without generality loss, consider that thellist {Ho,Hs,...,Hx} is ordered
such that for alli,j = 0,k, i < j, HjRH; holds only in the caséliRH; also holds.
Besides that, for ali, j = 0,k, if HiRH; theni < j. This ordering corresponds to a
display the list in a tree form, witklg as root.

Lemma 2. Let L= {Ho,Hz,...,Hx} be a list ofa-Hintikka sets satisfying the initial
conditions on L. Let He L and RH;) = {H},...,H"} be the set of all members of

L that can be reached by R-transition from H, i.e., HRH/, for all j = 1..n. Then,
n=c.log(l(a)).
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Proof. By conditionCR, each ramification determined by each of thelintikka sets
HiJ is only possible by existence & subformulas®; € Hj andp; HiJ. In order to
have such &0 € Hj, these subformulas must have occurred inside a conjunction,
disjunction, implication, negation or a modal operation,. the possible number of such
formulas is bounded bipg(l(a)), possibly, with a multiplicative facta, related to the
occurrences of distin@j, j =1,2,...c. ]

The above lemma can be equally proved considering thearlgtiR, since con-
ditionsCF1 andCF1 implies that there are only transient ramifications. Thesesient
ramifications do not change the logarithmic bound, for they add 2 extrax-Hintikka
sets for each ramification originated in ead).

From the two above lemmas and the observation above we catudenthat the
maximal number of ramification in the tree-like orderingloé tist{Ho,H1,...,Hk} is
bounded by dog(l(a)), and, the maximum height of this ordering is polynomial on
I(a). Thus, the lis{Ho,Hs,...,Hk} is polynomially bounded bi(a). Hence, we know
that the first move ofiloisecan be done with a polynomially bounded listoeHintikka
sets.

We now proceed with the proof of the main result. For this wechiine following
lemma.

Lemma 3. dloise has a winning strategy, if and onlyaifis satisfiable.

Proof. If a is satisfiable, then the model that satisfies it allows thendiefh of a list
of a-Hintikka to Jloise present at the starting move. Her winning strategy is toigev
the Hintikka set associated to the world that validates gadsibly attacked formula
choosen byrbelard. In other worlds, she presents the whole model that satigfias
a list of Hintikka sets. After she uses the model to answeatt&écks.

For the other direction, let us suppose thltise has a winning strategy. This win-
ning strategy will provide us with model feor. Sincedloise has a winning strategy, she
can answer to each possible attackvbtlard, she also has a winning starting set of
Hintikka sets. Thusjlloisecan produce a Hintikka set for each attack of his opponent.
Let M be this collection of all Hintikka sets possible to be getentadby the winning
strategy ofloise The modek M, R, <,V > is such that:

— Ris such that, given Hintikka seta,w € M, mRw if and only if, for everyOB €
F(a), if OB ¢ m, thenf & w.

— X is such that, given Hintikka set®,w € M, m < w, if and only if, for every
B1— B2 € F(a), if By — B2 & mthenpy € wandB, ¢ wP

- V(A) ={m:Aem}.

Fact 1 Let M be the model defined above andva W. If m= v, then for every sub-
formulaoy — az of {a}, if ag — a2 ¢ m, thena; € vanday € v.

Lemma 4. For every subformul@ of {a}, < M,R, %,V > a, if and only if,a € m.

6 The negation is already taken in this definition, sifce w
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Proof. We proceed by induction on the number of symbola ifFor assertions atomic
formulasA it is a straightforward application of the definition afM,R, <,V >En 0.
Considera of the formag A az and< M,R, X,V >k, a1 A0z, By definition of =
we have< M,R X,V >k ag, k= 1,2. By inductive hypothesis, we hawg € M;.
As mis maximal and consistenti; A 02 € m. For the other direction, if we suppose
thatai A ap € m, thenalphga € m, k = 1,2, sincem is a maximal consistent set of
subformulas ofo. By inductive hypothesis and the definition jef we conclude that
<M,R =XV >=na1Aday. If ais of the formas Vv a; the reasoning is analogous. If
o1 — a2 ¢ m asm=wand by fact 1 we have; € wanda; ¢ w, and hence by inductive
hypothesis<c M, R <,V >k a1 and< M,R X,V >}y, a2, hence< M,R XV >y
01 — 0O2. On the other hand, consider thag — 0, € m. We know thatSloise has a
winning strategy, so, ifbelardattacka; — a2 in m, Jloiseis able to provide an answer
Y, suchtham=Y, in M , and eithei; € Y anday €Y, oras ¢ Y. By definition M
contains every possible answéof Jloiseas a world inW, and since for each of them
we havem <Y, we have< M,R, X,V >k 01 — 02. The cases fora is analogous
to this last case. This finishes the proof of the lemma. ]

4 Conclusions

As PSPACE=CO-PSPACE, we conclude that provabilitKiis also PSPACE-complete.
Itis worth to note that, since both games are polynomiallyrizted and hence finite,
we can affirm.

Corollary 1. IK has Finite Model Property.
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Preamble
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The very initial idea of this work is due to him and it was simphtuitive and techni-
cally fruitful, as many others, since it gave rise to a papélighed in an international
journal. The present work is a second version of that paper.

Marcelo Correa

1 Introduction

The sequencing operation is not only restricted to sentésroeation in natural lan-
guages. It is a quite basic concept used in other formal ila®dior instance, serial
composition of programs, processes or even mathematinatifuns. In most of such
cases, a new object (program, process or function) is adaddiry serial composition
if and only if certain lexical conditions hold. This verifiten could not only be con-
cerned with type compatibility, but also with extra infortiea provided by an external
environment. The notion of “sequencing arrow”, which wastfintroduced in [4] to
represent the possibility of combining expressions, catmbeght as representing such
a kind of information. In this work, we present a categoriceddel for the Lambek
Calculus L), formerly the Calculus of Syntactic Categorjdzased on a hierarchical
structure of categories that generalizes the approach.in [4

2 Sequencing Arrows and a Non-commutative Categorical
Product

The usual (commutative) categorical prodact b can be determined by means of the
limit for the diagram containing just the objeetandb [19]. We recall the basic concept
of limit to determine a categorical construction for a namenutative product operator,
calledSequential Product

Intuitively, given a pair of objecta andb of a categonyC, we consider a pair of
special arrows
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S
S

calledsequencing arrowsn such a way that the cone
{m:a@b—am:avb— b}

will be a limit for the diagram above in the catega@tyThis is captured by the following
universal condition:

For each objeat of C, for which the diagrams

AN

f
a
2

commute, there exists an unique arfrowc — a® bin C, denoted by« f, g >, such
that the following diagram commutes:

c
f/ th\ 9
¥
m a®b ™
— T
a b

which meansthat =moh=mo <« f,g> andg=moh=To < f,g>

However, we must have thgto s # 15 and s; 05 # 1;,. Otherwise, the following
diagrams could commute:

A

b a

e
b a b

a
S

and the cond1,, s1} (orresp{s, 1,} ) could be the limit for the diagram consisting
of s; ands,. In such cases, we could prove thanda® b would be isomorphic objects
(resp.banda®b).

In general, we also impose that identity arrows could not $&duas sequencing
arrows. This avoids the existence of an isomorphism betaeesmanda, for any object
a, except for a special objettwhich will be introduced in the subsection 2.2.

For sake of simplicity, we shall say that the objact b, associated with the pair of
arrowsty : a® b — aandn : a® b — b, is the limit for the following diagram:
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S1
S

a

suchthatyos) # 13 e85 05 # 1p.

2.1 Asymmetrical Construction for a Pair of Sequencing Arrons

We remark that, if it would be considered only one arrow (tbguencing arrovg;) as

in [4], one could prove thaa® b = a, since the left cone in the figure 1 would be the
limit to a3 b. As it can be seen above, the current approach using a panogigawith
restrictions about composition will solve this problem.

However, the limit construction given for characterizihg bperator is symmet-
rical, since the role of the objectsandb are interchangeable, thus, we still obtain a
commutative product operator by just adopting such a paegtiencing arrows.

To circumvent this limitation, we shall improve the hietaical structure of cat-
egories, introduced in [4], by changing the way in which tlesé category is con-
structed. Even though we shall also impose restrictiondherfdrmation of complex
product objects, the noncommutativity will be gained by acsal way of dealing with
the sequencing arrows between basic objects.

s S
The duality of the sequencing arrowas— b andb — a can be turned explicit by
adopting two categorigd® e C?, such that:

— the collections of objects af* andC? are the same, and
S
— there exists a sequencing arraw— b in C! iff there exists a sequencing arrow
S
b— ain C2.
Hence, we adopt a categarysuch that:

— C contains all of objects af?,

— there exist embedding faithful functof® : C* — ¢ andZ?: C? — C, which are
defined as the inclusion functors when restricted to theatbjef C'(respectively,
C?);

An objecta® b will be obtained in the categoiy, in such a manner that a pair of
S
sequencing arrows will formed by two arro@s(s;) andZ?(sp), wherea — b is an

arrow ofC* andb 3 ais an arrow ofC2.

In according to previous observations, the arrows obtayecomposing a pair of
sequencing arrows must not be identity arrows. Thus, tHeviglg inequalities must
be preserved, except in the case that one of the olgesntslb correspond to a special
objectl, as we shall comment in next subsection:

- T%(sp) o TH(s1) # La;
— I¥(s1) 0 T%(s2) # b

We could think of considering? = (C*)°P, however, it will not hold in general, as
we shall discuss in the subsection 4.1.
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2.2 An Identity Object
Recently, Lambek has introduced a special formiufathe presentations of his logical
system [16—18], for which it is presented the following irgiece rules:
AFA AFA
FI AIFA ILAEA

By means of these rules, we can prove that the formAlad, | ® A andA are

equivalents. We also can obtain derivations of the follggequents:
IFA—~A e IFA—A.

Lambek introduced an identity object in his Residuated Mategories to denote
both the formuld and the empty left context of a sequent [16]. So motivatechaapt
an identity object in C, respectively irc* and inC?, such that:

— I ®1, associated with an arromw: | ® | — I, is the limit for the following diagram:
1
| —/—
1
S
— for each objech, distinct ofl, there must exist unique sequencing arr@avs |
S1 9 $

andl — ain C* and there must exist unique sequencing arrowsa anda — | in

C?, such that:

(i) Z' (1) =7%() =1;

(i) ZHs1)0oZ?(s2) # 11 ;

(i) Z%(s,) o TX(S)) # Li;

(iv) Z?(s2) 0T (s1) = 1a; and

(V) Z%(sy) 0 Z?($y) = La.

Notice that, the restrictions (ii) and (iii) are introductxlavoid thata and| be
isomorphic, for any objeca distinct ofI. Otherwise, all of pair of objects would be
isomorphic.

To motivate the restrictions (iv) and (v), let us omit the lgagions of the functors
71 andZ? and consider just the arrows, s, , ) €s,. Then, the arrows

h=<1q,51> a—a®l and H=<9,, 1> a—l®a
are isomorphisms when considering
sosi=1a and gos,=1,,
as can be inferred from the following commutative diagrams:
—
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0
V V
m a®l T[z M lea T,
a
% $

Therefore, there also exist isomorphisfns(a® 1) —aandg: (I®a) — a. So,

we can obtain a pair of morphisnis | — (a— a) andg: | — (a+~ a).

2.3 Properties

We show, in the sequel, some properties of the sequentiabtipe?. To make the
notation clearer, we shall consider objects directly in egaryC, determined from
C1 and(C, as described above. We index the sequencing arrows withreltior 2,
depending whether they come frafp or C» via the respective functors.

According to the limit notion, given object b, c andd and arrowsf : a — ¢
andg: b — d, there exists an unique arrofvx g = < f o1y, go TR > for which the
following diagram commutes:

c®d
M TC
AR
c r d
f T f®g T g
a S} | b
:
T[I\i /1;
a®b

Suppose thata® b, associated with the pair of arrows andp, andb® a, as-
sociated with the pair of arrows; andt,, are the limits for the following diagrams,
respectively:

S1
a b b % a
%2 $
then, the diagram
—
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a®b

A
a 2 b
S|

a

S
AN

b®a

commutes, but the following ones do not commute:

a®b b®a

Sl Pl
s s

Therefore, in general, we cannot obtain morphismd —I> b®aandb®a —J> a®b,
suchthaf oi = 155, andio j = 1p54. We can conclude that the operators, in general,
non-commutative.

Similar to what is done for the operat@), related to the usual categorical product
[11], we prove the following properties for the operatar , >>.

Theorem 1. Let a, b, a® b, c and d be objects of a categafy y : a®b — a, Tk :
a®b—b, fh:c—a,gk:c—band j:d— carrows ofC. Then,

a) <M, T >= lagp;
b) < f,g>= < h,k>iff f =handg=k; and
c) <foj,goj>»>=<f,g> o]

A proof for the theorem 1 is obtained by considering the retpe pairs of com-
mutative diagrams, presented below.
a)

a®b

-2, /
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wherep= < 1, Th >>.

b)
c
f q g
\ V
m a®b m™ m a®b m™
a b
S S
whereq= < f,g> andr =< h, k>.
c)
d
f g
Pt
¥
™ a®b ™
-— Sl T
a b
S

whereq=< f,g>et=<foj,goj>.

2.4 The Relative Exponential Operators

75

We can consider two distinct exponential operators reltdettie sequential product,
represented by~ and+. Such operators are usually characterized by means of the

following universal conditions:

1. for each object of a categoryC, if there exists an obje@® c and an arrowf :
(a®c) — b, then there exists an unique arrdw ¢ — (a — b), such that the

following diagram commutes:
ev

a®(a—b) — D

H

Lof |

—

a®c
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2. for each object of a categoryC, if there exists an objeal ® a and an arrow
g: (d®a) — b, then there exists an unique arrgvd — (b ~— a), such that the
following diagram commutes:
ev
(b—a)®a b
H
d®1, g
doa
2.5 Summarizing the Basic Restrictions over a Pair of Sequ&ing Arrows
To determine a pair of sequencing arraavs> b andb — ain C must be observed that:
— 51 ands; must not be identity arrows, & andb are distinct of the identity objedt
— 51 andsp are exactly the identity arrody : | — |, ifa=b=1;
— there must exist arrowns : a— b ands, : b — a, respectively, irc! andC?, such
thats; = 71(s,) ands; = 72(s,) such that:
e if aebare both distinct of, thensy o 51 # 15 andsy o S # 1p;
e if ais distinct ofl andb =1, thensyos; = 15 ands; o S # 1y;
e if a=1 andbis distinct ofl, thensy o 51 # 15 ands; o S = 1y;
e ifa=landb=I,thenspos =505 =1=1,=1;;

Such restrictions over pairs of sequencing arrows arem&ted with respect to ar-
bitrary objects. Nevertheless, it will be necessary to m®rsmore restrictions when
considering objects formed by means of the sequential ptodperator, as can be
viewed in the subsection 4.1.

3 A Non-Commutative Hierarchical Structure of Categories
We consider a hierarchical structure of categories, degiby the diagram below, in
which sequential product and exponential objects will lmugtively formed from so-
called basic objects. Pairs of sequencing arrows will aismbuctively characterized.
—
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1 / | \ )

CI Ci
Ei
F F?
Iy cr Iizfl
1 g i—1 ~— )
lel Cifl
11 cT 73

1 / 1 \ )

C1 Ci
&1
Fi Fi
5 cy T
A
C ) C3
\ /
A op
_ 14 (14)
Regarding that:

— The categoryA, calledalphabet categorycontains a denumerable collection of
objects, calledbasic objectslts collection of arrows includeswique sequencing
arrow for each pair of objects.

— The categorie@é and.A are the same, however, the categfogys the opposite cat-
egory of A, i.e.,C% = A°P. In spite of this, we adopt distinct notations for the se-
quencing arrows off, C§ andC3, respectivelyseqa, b), seq (a,b) andseg (b, a).

— Foreach >0,

7t:¢t ¢ and 72:¢t =
are embedding faithful functors,such that
o Il(a) =T} (a) = &;
o THla) = TA(1a) = 1a;
¢ if aandb are distinct ofl, then
T?(s2) o Zi(s1) # 1a and Zi(s1) o I (Sp) # Loy
—
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o if ais distinct ofl andb =1, then
Ti(s)oTi(s1) = 1a and Ti(s1) o IF(s2) # L
e if a=1 andbis distinct ofl, then
TH(s2)oTi(st) # 1 € Ti(s1) o TP (se) = Lo.
— The categonyC{, associated with the functorE% and I%, is the pushout of the
following diagram in CAT:
C ch
14 (L4)°P
In the category’§, calledbase categorywill be characterized the pairs of sequenc-
ing arrows between objects for which there is a sequenciogvan A.

— For each > 1, 7 e 7? are embedding faithful functors.

— The objects and arrows of a categdiy,; are mapped into objects and arrows of
C;" by means of functo€;, i > 1, in such a way that distinction between objects is
preserved.

— InC;",i > 1, will be formed sequential product objeets) b and exponential ob-
jectsa —j b andb ~—; a for objectsa = &;(a’) andb = &;(b), restricted to the
satisfaction of particular conditions.

— an object of a category’;" is originated fronC;" , iff there is an object’ of C;" ;,
such that = &;. An analogous concept is considered to arrows.

— Each categoryg;', i > 2, must be generated from the categ6jy,, in the sense
that, except by those arrows@f originated fromC;" ; and those arrows which are
necessary to characterize sequential product and expahebjects inC;" from
objects ofC;" ;, there are no other arrows .

— The diagram above commutes.

Let o andp be objects of a catego§;" ;, i > 2, and let us regard that;i_1 and
®; correspond to the characterizations which will be provitedequential product
operator for the categori€$ ; andC;', respectively.

Notice that, if there exists an objext;_1 B in Citl as well as arrowsy : 0 ®j_1
B — a andm : a®i_1P — B, such that the following diagram commuteg’if ;:

a®i-1pB
T O
/ s \ B
o}
S
then, the following diagram commutes@ii :
—
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Ei(a @4 B)

Ei(m) f Ei()

We shall impose that

- &i(m)=m and
- &i(m) = TIIQ

These equalities determine that= 1¢

aw;_4p)- ThUS, we conclude

Eila®i—1B) = E&i(a) i Ei(B)
In particular, it will hold that

Ei(a@i—i(a—  B))=E&(n)xi&i(a—_PB), and
Ei((B— , a)®@i1a) =&~ , 0)®i&i(a),

where — and —;, — and +; will correspond to the right and left exponen-

tial operators, respectively, in the categoiigs, andC;', if their characterizations are
adequately provided.

To the objecti — _ Bin C;"; will be associated a special evaluation arrow

—

i—1
evia®,_,(a— B —pB
and, then, there will be an arrow

Ei( V) &) ® Ei(a—_ B) — &i(B)

in C;", such that the following diagram commutes:
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Ei(a) @; (Ei(a) = &i(B))
h
16 (G) ®i e\} I
Ei(o) @ (&i(a) = &i(B))
4
15"(&) ®i g|( el\/l)
Ei(o)®; Ei(a—,_ B)
We shall also impose that:
g|( el\71> == a/l
Since, eV = ¢ (@)~ & @ 1t Will hold that &i( ei\71) =1, @)~ & @) Then, we
shall have I I
Ei(a - B) =¢&i(a) = &i(B).
In analogous way, we show that
&R i a) =E&i(B) —; Ei(a),
by we imposing that
Ei( ei\71) =ev .
The functorsg;, i > 0, will determine a chaining consisting of categories
A,C*,Cf,--- ,ci+7 e
We shall adopt a categoy™ (.A), as the co-limit in CAT for the following (infinite)
diagram
afocr Eror o Epibiy
The category’ " (A) will contain any construction obtained in the categoriethef
non-commutative hierarchical structure. A particularreleterization of such a non-
commutative hierarchical structure, and thus the cateddifyd), depends on the de-
termination of an alphabet categod, since the sequential product objects will be
constructed from the sequencing arrows giveslin
4 Generic Description of the Categorie€;
We define in this section the categori&s, parai > 1, which form a generic non-
commutative hierarchical structure, considering a categg determined from a al-
phabet category.
—
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For each categorg;", we provide a characterization of the operater obtained
from the characterization of its pairs of sequencing arrdwsnost cases, the pairs of
sequencing arrows of a categaty will be determined from pairs of sequencing arrows
of Cj" ;.

To characterize the exponential operators is necessanrtliice special pairs of
sequencing arrows in each categdy. However, this can be done in different ways
depending on which properties are expected to obtain tlirdlug hierarchical struc-
ture, when a particular alphabet category is considereelefbre, we shall discuss the
particular aspects of the exponential objects necessatytéin a model for the Lambek
Syntactic Calculus in the section 5.

We first define the Category; .

Definition 1. LetC}, €2 andC{ be categories such that:

() The identity object | is an object 6¢ and

- C% may contain special sequencing arrows, distinct of the titkeones, for
pairs of objects which are distinct of I,

— for any object a, distinct of I, there exists an unique arrowas— | and an
unique arrow §: 1 — a;

(i) The category? is the opposite categos, i.e.,C7 = (C1)°P;

(iii) The categorg’{ contains every object ot

(iv) There exists a embedding faithful funcgar: C§ — C7, such that’] is generated
fromC{ and the following diagram commutes:

/ 0 \ c

C 5

0

We present in the next definition a characterization for thedpct operator;
in C{. The pairs of sequencing arrows @f are determined directly from pairs of
sequencing arrows originated fra?y .

Definition 2. Let a and b be objects of the categail'y Lets:a—bands:b—a
arrows ofC; .

—Ifa=b=I, then g =< =1, the arrows s and $ form a pair of sequencing
arrows inC7 and the object &, |, associated with the arrow: | ®, | — 1, is the
limit for the following diagram:
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1

| —/—

1

— Otherwise, if there exist objectsand of C§ and there exist sequencing arrows
s, = seq(a,B) and $ = seq(B,a), respectively, i3 andC3, such that
o s1=T3(Fi(s) and $ = T3(F1(s))) ;
e a=¢&;(a)and b= E1(B);
then, g and $ form a pair of sequencing arrows 6f, such that:

e ifa=I,thensos #1; and o =1,
e ifb=Ithensos; =1, and g0 # 1y,
e otherwise, 5051 # 13 and SoS # 1 .

The object &, b, associated with the arrows, : a®, b—aandm:a®, b— b,
is the limit for the following diagram:

S1

4.1 A CategoryC;", foranyi>2

The characterization of pairs of sequencing arrowé;independs on the features of
the considered objects, particularly if they are produgects or not. Thus, a pair of
sequencing arrows can be obtained from:

1. apair of sequencing arrows of the categ@ty;;

2. apair of sequencing arrows@f , for the right component of the product object
01 ®, , 02 and an objecB, in this order;

3. apair of sequencing arrows@f , for an objectr and the left componeff of an
object producf; ®, , B2, in this order.

In the cases (2) and (3), we shall obtain a pair of sequenciogva of C;” only if
some conditions are satisfied. Such conditions will refeheobembedding of pairs of
sequencing arrows @f" ; into C;", by means of the functd;.

Let us consider objects; ®, a2 andb of C;", such thaty = &i(a1), az = i(a2)
andb = &;(B). Then, as it was proved in the previous section,

ar® a2 =E&i(a1) ®, &i(02) =E&i(a1®, ,02).

Motivated by the following diagrams
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&i(a1®; , a2)

" &(m) & (1 5y
cm
' 5| \ /

5(01)

as, 0 \_ £i(%) .

/\%//sz

we shall consider that:
- s =¢i(s{om) €
-5 =< Ei(509),i((s08)0s;) >

However, the arrovg, there will exist only if the following diagram commutes:

Ei(B)
&i(s,09) Ei((s05)0s;)
€i(sy)
gi(dl) Ei(dz)
€i(sp)

Then, as
i(s08) =E&i(s)) 0 €i(sy), and
Ei((S08)) 05)) = (&i(s)) o €i(y)) 0 Ei(sy) = Ei(Sy) 0 (€i(S) 0 ()
it is enough to impose that
Ei(s) = i) o (Ei(s) o €i(s)) . (RL)
Now, let us consider objectsandb; ®, by of C;", such thaa = &i(a), by = &i(B1)
andby = &;(B2). Then, as it was proved in the previous section

b1®i by = &i(B1) & Ei(B2) = gi(Bl®i71 B2).

83
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Motivated by the following two diagrams
cr
/El(a)@)lgl Bl®| 1[32) \
V.
S
G) Bl ®| 1 BZ
(s)
s \ v/ \
E(Ba) E(B2)
K €i(sy) /
a , Bl &1 BZ
m \rfz
\ Bl _;’ 2
T My
we shall consider that:
-5 = <&i((s08)09), €i(s;os]) >, and
- 5 = Ei(som).
Analogously, the arrow; there will exist only if the following diagram commutes:
Ei(a)
Ei((s308) 09) siosf
gi(sy)
€i(B1) €i(B2)
€i(sy)
Then, as
€i(syos)) =Ei(sy) o &i(sy), and
Ei((sy08) 08)) = (Ei(sy) 0 €i(sy)) o EilS]) = Ei(S) o (€i(Sy) 0 Ei(S)))
it is enough to impose that
Ei(sy) = €i(sy) o (Ci(sp) 0 €ilsy)). (RR)
—P
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The restrictionsk1 andR2, described above, should be considered in the character-
ization of pairs of sequencing arrows@f . However, we choose introduce them in the
definition of the categor¢;", considering them as restrictions to the funcfarThis
approach makes the presentation more elegant, in spitestiictiarrows ofC;" ; be
identified inCi*. Hence, the functaf; will not be faithful, however, it will not identify
distinct objects, for each> 2.
Another consequence of the adoptiorRifandR2 is that we cannot d6? = (C})°P
for eachi > 2, as it was done tb= 1.
Definition 3. LetC!, C? andC;" be categories, for & 2, such that:
() The identity object | is an object 6f and
— ¢! may contain special sequencing arrows, distinct of the titeones, be-
tween pair of objects which are distinct of I,
— for any object a, distinct of |, there exists an unique arrqw & — | and an
unique arrow §: | — a;
(i) The objects of the categori€g andC? are the same.
— for each sequencing arrowi sa — b of C}, there exists a sequencing arrow
S:b—a ofCiZ, distinct of the identity;
— for any object a, distinct of |, there exists an unique arrgw k— a and an
unique arrow §:a— 1;;
(iv) The category;" contains every object @f';
(v) there exists a functaf; : C;" ; — C;", which preserves the distinction between ob-
jects, such that:
— for any pair of sequencing arrows and $ of ;" ;,
Ei(x) = &i(x)o (i(s1) o €i(x))
and
€i(s1) = €i(s) o (Ei(sz) 0 €i(s1));
— C;" is generated frong;" ;;
— given objects, B andy of C;” ;, and pairs of sequencing arrows
S1
B = y
S $
such that there exist objeat®;_1 B andB®i_1yof C;" ;, we consider that:
a) there are sequencing arrow and $, respectively, of! andC?, such that:
o 11(s)) = &(S,0Tp) and
o I7(s)) = < &i(20%). Ei((s10%) 0S) >,
whereTy : 0 ®i-1B8 — B;
b) there are sequencing arrow§’sand ¢/, respectively, ot and C2, such
that
° Iil(dl”) =K gi((§zo§l) OSg_) , Ei (dlosl) >, and
o 17(s)) = Ei(s20m),
wherett; : B®i_1y— .
— the following diagram commutes:
—
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1 2

o, e

— . : .
We present on the next a characterization for a pair of segjugarrows oC;".

Definition 4. Let a and b be objects of the categ(ﬂ?f/. Lets:a—bands:b—a
be arrows of;".

(i) fa=b=I,theng =% =1, 5 and $ form a pair of sequencing arrows dﬁ
and the object &, |, associated with the arrow: | @, | — 1, is the limit for the
following diagram:

1

| —— |

1

(i) If there exist objects andf3 ofCi{1 and there exist sequencing arrows: st — 3
and $ : B — a, respectively, of! ; andC? ;, such that:
— s} and $, form a pair of sequencing arrows 6f ;;
- s =T (FH(s)) and $ = TAFA(S))) ;
— a=T}HFi(a)) and b= THFH(P));
then, g and $ form a pair of sequencing arrows 6f", such that
—ifa=l,thensos # 13 and o5 = 1y,
—ifb=Il,thensos =14 and g0 # 1y,
— otherwise, 8051 # 15 and o0 # 1 .
The object @&, b, associated with the arrows : a®, b—aandm :a®, b— b, is
the limit for the following diagram:

S
S

a

(i) Ifa=¢&i(a1®, ,02) and b= &;(B), such that the objects; anday of C;" ; are
both distinct of | and the object; ®, , a», associated with the arrows

T (01®,_,02) =01 and To: (01 ®,_, 02) — 02

is the limit, inC;" ;, for the following diagram

A —— A
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and if there exists a pair of sequencing arro}s e, — Band § : B — a2 of C;"
then we consider that the arrows

- s =¢&i(so1) and

- 2=<Ei($08),€i((S08)05) >

form a pair of sequencing arrows 6f , such that there exist sequencing arrows
sf:a—band §:b—a,

respectively, of} andC?, such that
- s =7Z}s)") and 3 = Z2(sy'); and
—Ifb=Il,thensos =1, and o5 # 1,
otherwise, 8051 #1; and o # 1y .
The object &, b, associated with the arrows; : a®, b — a andm : a®, b —
b, is the limit for the diagram consisting of and $ and the following diagram

commutes:

il ®,_, 02)

" <

Ei(s)

(iv) Ifa= &i(a) and b= &i(B1®, , B2), such that the object®; and B, of C;" ; are
distinct of | and the objedd; ®, , B2, associated with the arrows

T :bi®, by —b; and 1% :b1®, by — by

is the limit, inC;" ,, for the following diagram

P —— B

$

and if there exists a pair of sequencing arros & — By and § : 1 — a of ",
then we consider that the arrows

-5 = <&i((S,09))09]), &i(s, os]) >, and

-8 = &i(s;om).
form a pair of sequencing arrows 6f, such that there exist sequencing arrows

s/:a—band §:b—a,

respectively, of} andC?, such that
- s =7}s/") and 3 = Z2(sy'); and
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—ifa=l,thensos #1 and g0 =1y,
otherwise, s0s1 #1; and o # 1y .
The object &, b, associated with the arrows, : a®, b — a andm : a®, b — b,
is the limit for the diagram consisting of the sequencingas § and $ and the
following diagram commutes:

a®,b

A
S1

gi( ) Bl®| 1[32

:(\/\m

&i(sy)

5 A Concrete Categorical Model for the Lambek Syntactic
Calculus

In this section, we present a particular non-commutatieesahnchical structure of
categories based on a special alphabet categayd its limit categonyC* (L), from
which we obtain a sound model for the Lambek Syntactic CakulSC. We consider
that this approach is, in a certain sensencretesince the characterization provided
here for the product operator is non-commutative by contm. As we discussed in
the section 1, the same does not happen for the most modetefbambek Calculus.

The Lambek Syntactic Calculus LSC [12, 13] contains a nam+oatative tensor
product and two relative implication operators, origigalenoted by ".", \" and "/"
and, respectively, denoted heredy— and< as proposed in [8]. As usual in logical
systems, product and the relative implication formulaelmaformed from any pair of
formulae of the language of LSC. In according to the categb@pproach to proof
theory, formulae are interpreted as objects and derivatea@morphisms. Hence, in
order to guarantee that we can form sequential product apdnextial objects and
derivations from any pair of objects 6f (£), as it is shown in the next section, we take
particular considerations on the alphabet categi{definition 5) and the exponential
objects, as in the observation below.

Definition 5. Let £ be a category such that:

1. the objects of form a denumerably infinite set, including a distinguishbgbot |;
2. the morphisms of form the least set including:
— the identity arrows, for any object,
— a unique sequencing arrow sggb) (distinct of the identity) for any pair of
objects a and b distinct of I;
— for any object a, distinct of |, there exist unique arrowstfra to | and | to a,
respectively, sequencing arrows sad) and seql,a);
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— the composition of sequencing arrows is a sequencing agreept by se@, | ) o
seql,a) : | — |, for any object a distinct of I.
The exponential objecta —, b andb +—; a are obtained in the catego6yj” by
adopting special evaluation arrows:
ev: (a®, (a— b)) —b and ev:((b-— a)®,a) —b
and by introducing pairs of sequencing arrows for the pamlgéctsa and (a —; b),
and the paifb ~—; a) anda, respectively.
We adopt inC;" pairs of sequencing arrows for the following pairs of obgect
c and (a—, b),
(a—; b) and d,
(b~ a) and d,
¢ and (b~ a),
for arbitrary objects andd, in order to form the respective product objects in the fatte
categor)Citrl, as it is described in the previous section.
6 Examples of Object Formation
We shall denote bg, b, c, - - -, the objects of the categoésg. For the sake of simplicity
and clear presentation, we shall omit the functor’s notefioi > 1, using the notation
regarded to objects afj through the examples. As it was shown in the subsection 3,
we recall that foi > 1:
gi(a®i-1PB) = &i(o) @i Ei(B),
Ei(a—i—1B)=¢Ei(a) —i &i(B) and
EiB—i-1a)=E&i(B) i i(a) .
We shall discuss on the following how we can form the objects
1. a®2(b®zc) and(a®z2b)®@2c
2. c®4(((a®sab)®4c) —4d)
3. (b®sc)®4(((a®sb)®ac) —4d)
4. (e®2 (eéz f)) X2 (f —9 C)
5. (b ‘-3 a) X3 ((C —3 d) ®3 (693 f))
Example 1: a®;(b®,c) and(a®2b)®zc
— In the category’§ there exist the following pairs of sequencing arrows:
S1 &1
b c
S $
— Therefore, we obtain the following pairs of sequencingws® C; :
1(s1) &1
a b c
&1(s) &1(sp)
—
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— Then, we form the objecB®1b and b®1icin Cir and, so, the objects®, b
and b®,cin C;.
— We obtain inC3 the following pairs of sequencing
c a Y

a®ob bxsc

such that
o 5/ =E&2(E1(s)) 0 TS);
o 5 =< E(E1(8) 0€1(sy)), E2((E1(s1) 0 €1(2)) 0 €1(Sy)) >
o5 =< 52((51(5{2) o&1(sy))o&1(s1)), E2(Ea(sy) 0 €1(s1)) > and
o 5 =E3(E1() o),
wherery, : a®1b —bandr :b®,c—b.
— Therefore, we form the objecta®,b) ®2 ¢ and a®; (b®2c) inCjy.
Example 2:  c®4(((a®4b) ®4c) —4d)
— From the example 1, we can form the objé@®3b) ®3c) —3din C3.

— Then, there must exists @4 the following pair of sequencing arrows:
v

c ((a®szb)®3c) —3d

%
— Therefore, we form the objecto4 (((a®4b) ®4¢) —4d)in Cj.
Example 3:  (b®4c) ®4(((@a®4b)®4C) —4d)
— Since the objedd®,c can be formed ii€3 , the objecb®3c can be formed in
C3, as well as the following pair of sequencing arrows:

S
S
wheres] = £3(€2(£1(s)))) ands} = £3(€2(£1(s))).
— Given the existence of the following pair of sequencinganmCy
\

C

b

c ((a®3b)®3c) —3d

%
we obtain inC; a pair of sequencing arrows:
Vi

b®sc : (((a®4b) ®@ac) —4d)
5\2”
such that
o & =Eu(sYom);
o S =< Eu(syosy), Ea((sfosy) o) >
wherertt; : b®sc — C.
— Therefore, we form the obje¢b®4¢) @4 (((a®4b) ®4c) —4d)inC;.
Example 4: (e®z2(e—2 f))®2(f —20¢)
— There are irC; the following pairs of sequencing arrows
S\l/ii S\l/iii
e—1 f f

S\éii S\éiii

e f—1c
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— Given a pair of sequencing arrows férand f —, c, we obtain inC; the
following pair of sequencing arrows:
S

e~ f —— f—qc¢

-~

S

— So, we obtain irC; a pair
ex(e—2f) ———= f—acC

such that
o S =Ep(sfomyh);
o S =< £ 08)), Eal(gf o) o) >
wherert)' :e®@q(e—1 f) — (e—q ).
— Therefore, we form i€ the objecte®, (e —3 f)) @2 (f —2c).

Example 5: (b+s3a)®3((c—3d)®3(e—3f))

— Sincea, b, ¢, d, e and f are objects ofJ, we obtain inC] the following pairs
of sequencing arrows:
iii §fv
a —— c—d d——— e—f
%III %IV
5>{V qvi
b~—ja 4?7\/’ c—1d =—/——— e—f
%VI
— However, we can form the obje¢t —, d) ®; (e —; f), just in C, which
associated with arrows

M (c—2d)®2(e—2 f) — (c—2d) and

i (c—2d)@a(e—2f) — (e—2f),
is the limit for the following diagram:
Ea(st")
Ea(s5")

— We obtain inC3 the following pair of sequencing arrows:
Vii

besza =———= (c—3d)®z(e—sf)

c—>d e— f

such th_at _ _ _
o S =< E3((E2S") 0 E2(S™)) 0 E2(5]Y)), E3(E2(S") 0 E2(8)Y)) > and
° %VII — 53(52(%V) OTqVI).

— Therefore, we form €] the object(b «—3 a) ®3((c —~3d)®3(e—3 f)).
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7 The Limit Category C* (L)
We shall denote the product and its exponential operato€s (i) by ®, — and+,
respectively. We shall show that the product operator detess a bi-functor o8 ™ (£).
Pairs of adjoint functors, left and right, will be shown foietproduct bifunctor. First,
we need the following result.
Theorem 2. Let a and b be objects ¢f" (£). Then, there is the following pair of se-
quencing arrows i€ " (£):

S1

a b

S
and an object & b, which associated to the arrows : a® b — aandm :a® b — b,
is the limit for such a diagram.

The proof of the theorem 2 proceeds by a double structurakioh on the forma-
tion process of the objectsandb, based on the definition of the hierarchical structure
of categories.

Definition 6. Let a, b, c and d be objects 6f (£) and let a’s cand b’ d be arrows
of CT(L). Then, we define a mapping: C*(£) x CT (L) — C (L) , such that:

- ®(a,b)=a®b, and

- ®(f,g=f®g:a®rb—cad.
Theorem 3. @ : CT(L£) x CT (L) — CT(L) is a bifunctor.

The proof of the theorem 7.3 follows from the fact that thegdéans below com-

mute:
Z //
;®b\zr' - [
a’ §27_—: > ”g/ Tlll aob
f/ x i /
a’ E Sll b/ Tl.lz ”,,4
f T % h T g
a St b ,' -
\SQ e
®b

sinceh= (f'of)®(dog) = (f'®d)o(f®Q);

—
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a®b
4 ﬂz
a
1a T 1a.® 1
a

T[I\i/nz

a®b

T

Ay
<3

b
E
b

ﬂ..

since 1 ® 1p = 1asp.
As usual, we obtain left and right product functors (resp. and _®a) from the bi-
functor® [11]. For those functors there are right adjoints, deteimgithe exponential

objects.

Definition 7. Leta, b and c be objects 6f (£) and let h: c— b be an arrow o€+ (L).
We adopt the functors

(i) Fa:CT (L) —C"(L),suchthatf=a®_ and
Fa(c) =a®c
Fa(h) =1a®,h:a®c—axb.
Ga:CT(L)—CT (L), suchthatG=a— _and
Ga(c)=a—c

RN
-

Ga(h) =1 —~h:(a—c) — (a—b), such that(1; — h) =(ho e@) and the
following diagram commutes:

—

a®(a—b) v b

"V,\

1,51Tgl T la—h h

a—> a—¢C

ﬂ\gg

a® a—\c

(i) Ka:CT(L)—CT(L), suchthatk=_®aand
Ka(c) =c®a
Ka(h)=h®13:cra—b®a.
Ja:CH(L)—CT(L),suchthatd=_+aand
Ja(c)=c+a

P
—

Ja(h) =h+1;: (c — a) — (b~ a), such that(h — 1;) =(ho eT/z) and the
following diagram commutes:
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(b—a)®a €4 b
}/ by
b—a T a
h — 1aT H gj{l T 1a h
7’\ 11 L
N -
(c—a®a c
Theorem 4. Let a, b and c be objects 6f" (£). Then,
a® (b®c)x=(avb)®c
The proof is based on the fact that the following diagram cantes:
a c
h h
O | P f1
| a2 |
ai(beic) TITTT (a®ib)®i
fa
8 Soundness
In this section, we describeXacalculus Curry-Howard isomorphic to LSC, callgd
Lambek Calculusl{AC). This system was defined in [1], where the proof of such an
isomorphism can be found.
According to the categorical treatment of proof theory,ftrenulas of LSC should
be interpreted as objects of the category and the proofddieuinterpreted as mor-
phisms. In fact, in order to show thét (£) is a categorical model for LSC, we shall
ensure that every proof of LSC is associated with a morphistheocategonC ™ (£),
and to prove that this interpretation preserves the equafliproofs. The later is often
referred as “soundness”. Here, we show the soundness of iEHQ@.
—
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The results and definitions shown in this section are stsobgsed on the similar
ones developed in [4].

Next, we present the syntax of the types and terms okthambek Calculus.

A-Lambek Calculus

— Types:

e Atomic typesTy, -+, T, --;

e If AandB are types, theA® B, A— B andA — B are types.
— Terms:

X:AX: A

t1:All1]  t2: B[] t:Cllx:Ay:B ] t1:AQB[A]
(t1,t2) tA®B[I1, 2] LET(<x:Ay:B>=t)t:C[l,A 1]

t:B[x:AT] t:B[l,x:A
;x.t :A— B[] Xx.t :B— Al
ti:Al]  to: A—B[4] to:B—AA]  t1: Al
APP(ty,ty) : BT, 4] APP (t2,t1) : BIA, ]

This calculus has the followingeduction Rules

— APP(A xt,t)) 1 B[F,4] & t{x ] : B[, A]

— APP(A xt,t') : BIA,T] & tlx <t : BIA,T]
— LET(<x:Ay:B> = <ty,tp >)t :C[[,A1,0,T"] 1> t[x<t1,y o] :

CIl,A1,0,T]

Next, we define a denotational semantics for Misalculus in terms of the categor-
ical framework presented.

Denotational Semantics

— Types are mapped to objects of the categdbfyL):
o [A] € obj(C* (L))

e [A2B] = [A] 2 [B]
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o [A—=B]=[A] —~[B]

o [B+ Al =[B] - [A]
e M= @ Iyl

(%i:yi)er

i.e., the denotation of the contektis the generalized categorical product of the
denotations of the typeg of variablesx; of I'. I is interpreted as an ordered se-
quence.

— Terms are mapped to morphisms®f(L):
To each ternt : A{A] we assign a morphisift] : [A] — [A]

o [x:AX:A] =l [Al = [A]

° [[< t1,to > A® B[Fl, rz]]] = [['[1 : A[Fl] ]] & [['[2 : B[rz]]],
which is the unique arrow making the following diagram to ecouate

[A®B]
T, \Jk

[A] 'é>: [B]
[ta]|® [t2] T [to]

ra S| ]

N

[Fi] &[]

[ta]

° [[X xt:A— B[] = f, such thatf :[[/tﬂ: [F]T — [A— B] and the following
diagram commutes

N

ev
[A] @ [A—B]

[Bl

lay @ f [t]

[Al®[r]
° [[K xt: A~ B[] = f, such thatf :m: [F] — [B+ A] and the following
diagram commutes

P

ev

[B—Al®[A] [Bl

felpy ‘ [t]
[FelA]
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e [APP(t2,t1) : B[l1,I2]] = f, such that the following diagram commutes
ev

[Al®[A—B] [Bl

[ta] @ [t2] ‘ f

[P ®[r2]

e [APP(t2,t1) : All2,I1]] = f, such that the following diagram commutes
ev

[B—Aje[A] [Bl

[t2] @ [ta] ‘ f

[Fa] @[]

o [LET((x:Ay:B)=t1)t:C[l,A,[1]] = f, such that the following diagram
commutes
[t]

MeAleB]e[r] [C]

Iy @ [t @1y ‘ f
[Mela]er]
and[t1] : [A] — [A® B] = [A] @ [B]
We shall prove that the denotation of terms is preserved &ydbuction rules, in
order to ensure that theLambek Calculus is sound with respect to this denotational

semantics. Such a result is supported by the following $ukish Lemma, since the
reduction rules presented are based on substitutionsm$ter

Lemma 1. Lett: All'1,x:C, 2] andt : C[A] be terms. Then,

[t: Al x:C,F2]Jo (I @ [t AlA]] @ lryp) = [t 1] : C[M1,4,T2]]
where we can substitute t' by x in t and x is a variable of type C.

The lemma is proved by induction on the structuré, @onsidering substitutions in
the subterms of.

Theorem 5. If M > N then[M] = [N].

To prove the theorem, it is sufficient to verify that a singdplication of a reduction
rule on a term preserves its denotation. This is providedhbyStubstitution Lemma and
by the transitivity of equality.
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9 Conclusions and Related Works

We presented a hierarchical structure of categories thrabeaused to provide a con-
crete categorical model for the Lambek Syntactic Calculiss categorical structure
can provide insights to the development of models for paséguential operators. For
example, one can think of other alphabet categories butrirgalated to the Lambek
Calculus. The Selective Lambek Syntactic Calculus [6] islawdus that was defined
using the very idea of the sequencing arrow. This is done¢h suway that a product
formula of the calculus need a proof in order to be formed, ihyahe formulaA & B
can be formed just in the case of a permission to comAiaedB can be derived. In
this way, sequencing arrows go into the syntax of the catculu

We proved that the catego@y/ (£) is a model [5] for LSC providing a denotation
semantics for a typed-Lambek Calculus [1], Curry-Howard isomorphic to LSC, with
respectta’* (L), which is preserved through the reduction steps relateltetoaormal-
ization procedure.
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Abstract. We start from the analysis of how Alan Turing proceeded tddhthie
notion of computability in his famous 1936 text ‘On compugabumbers, with
an application to the Entscheidungsproblem’. Looking itedet his stepwise
construction, which starts from the materialities to achia satisfactory level
of abstraction, we will demonstrate how his way of doing reathtics was one
that constructs mathematical knowledge by evading a defejparation between
matter and form; in this way, making the world and languageetogether. Fol-
lowing the same line of reasoning, the abstract and the etscthe deduction
and the induction, the technical and the social as well a®liective and the
subjective are unthinkable as pure entities. By considetie controversies and
discussions from the mid-nineteenth century until now, e indicate local (so-
cial) elements that necessarily participate in what is lisuansidered ‘technical
content’ or ‘objectivity’. While Alan Turing was a precunsof what today might
be said to be an ‘anthropological approach to mathematidalre’, unveiling
and reviving approaches that enable the axis of authoritynfathematics, logic
and computing to be shifted, he also opened different paththé construction
of a variety of mathematical knowledge as well.

Keywords Computability, Alan Turing, Knowledge Construction

Preamble

In 1988 | had the opportunity to study Formal Aspects of Cotimgy during the un-
dergraduate course in Computer Science at Universidadg&dtuminense. The pro-
fessor? Edward Hermann Haeusler! From the issues discimsezdiscipline resulted
my final project (part of the requirements to obtain a degiredgnotational semantics
(Cafezeiro, [1992]), which then, led to my master dissentabn Formal Specifica-
tion of Concurrent Systems (Cafezeiro, [1994]), and thendoctoral thesis, based on
Category Theory (Cafezeiro, [2000]), and has continuedutjn several paths, such
that our latest article (Cafezeiro, Rademaker, Viterbd,§2813]), in partnership with
Alexandre Rademaker, José Viterbo and Markus Endler, ¢ézgeo be published in
2013, is about Formal Specification of Ubiquitous Systentgs Theans twenty-four
years of learning, interaction, partnership and friengskith Hermann. It was then
with great pleasure that | accepted Christiano Braga'datiein to participate in this
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event in celebration of Hermann 50th birthday. | take thesspnble to contextualize the
paper presented here considering these 24 years of pipeith Hermann. | imagine
that this paper is able to illuminate a facet of Hermann'speality that is very evident
in everyday life, in supervisions and in the classroom: hieriest in the history of
mathematics, in the history of people that do mathematiasjrmthe process of ‘doing
mathematics’, ie in the construction of mathematical kresigle. With this motivation,
we have prepared, in 2007, a mini-course for the Regionab&abf Minas Gerais
(Cafezeiro,Haeusler, [2007]) on the history of computsbithich was then invited to
replay in Goiés in the following year. Also in this subjectt bhis time with the part-
nership of Henrique Cukierman and Ivan da Costa Marques,ulbéghed in 2011 an
article in the Journal of the Brazilian Society of HistorySxfience (Cafezeiro,Haeusler
et al, [2010]) with purpose of retelling the history of conglility in the period from
1900 to 1936 in light of the Studies of Science-Technologgi&y, an area that pro-
vided us with a theoretical instrumentation to highligte thterweavings of issues that
are usually considered ‘technical’ and those which are llyssaparated from math-
ematics or computer science, considered as ‘social’ or-technical’. The paper we
present here was developed by me and Ivan da Costa Marquesares in favor of
the nebulization of the boundaries between areas of kn@elecbnsidering that fac-
tors so-called ‘non-technical’ have effective participatin the configuration of what
is called ‘technical’ and vice versa.

1 Introduction

The practice in the field of mathematics often attributesthendness and completeness
of results to purely deductive reasoning, and the critedgbtruthfulness as well as
the applicability of results are usually dependent uporfidence in proof. Hence, in
the so called ‘objective discourse’, inductive reasoniagts and empirical approaches
are often rejected. Computer science suggests that thigdsbe open to discussion
since abstract (formal) knowledge becomes directly engmbali computer programs,
and therefore would seem to make ‘immediate’ (that is, withmediation) contact
with the ‘only real world, the one that is actually given thgh perception, that is
ever experienced and experienceable - our every-day lifigeh(Husserl, 1954:48-49).
For Alan Turing, the empirical question and inductive thbugeemed to have been
clear from the start. Turing’s way of doing mathematics casts with that of those
who, at this time in the 1930s, were engaged in questionsdegpcomputability. The
prevailing view was that mathematical deduction was theantae of correct thinking.
Hence, a study of Turing’s way of working draws attentionpp@aches that consider
diverse factors of diverse natures, these being on the seate ar order as what is
usually indicated as ‘objective factors’ in the constraotof the ‘objective’ facts of
science. These approaches may shed new light on questionsthle neutrality and
universality of mathematical knowledge.
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2 Turing: An Ethnographer

In 1936, the mathematician Alan Turing designed a machind, @oposed it as a
formal counterpart to the intuitive notion of mechanicabgedure (algorithm). His
proposition was readily accepted by mathematicians. ‘Véhathe possible processes
which can be carried out in computing a number?’ was theistpguestion of Turing
([1936]). He made the (imagined) experiment of followinguartan actor in the process
of calculating. In order to provide a convincing argumemtftat is understood by the
term ‘mechanical’ Turing held closely to the material preges observed in the act of
calculating and defined an extremely simple device basedemateriality of the as-
semblage (human + pencil + paper). This approach reenagpsdbess that a human ac-
tant, equipped with pencil and paper, enacts to performaulzlon. Turing’s approach
relates directly to the ethnographic approaches developadthropologists to identify
relevant information, this commonly being disguised bdteweryday practices. Ethno-
graphers collect and record information to yield analy§ighe good ethnographer is
capable not only of good description but of recognizing waments most warrant at-
tention when ethnography (.. .) is the intended outcome1€dit, [1987]:39). To make
explicit the tacit knowledge ethnographers ‘are rightlgused of making the obvious
obvious’ (Wolcott, [1987]: 41-42). In order to achieve thise observer and observed
remain so close that it is sometimes difficult to identify wisavho.

As an ethnographer who follows traces and behaviour, Tudok into account the
details of the activity of the computer: ‘We may now constaumachine to do the work
of this computer’ (Turing, [1936]). The word ‘computer’ wiee term adopted by him
to describe the assemblage (human + pencil + paper) in thod ealtculation. The 1936
paper shows how Turing held obsessively close to matgridihe observed and traced
each step in the process of a calculation. He literally dttitat the abstract machine he
had conceived possessed all the materiality that correlgubrith the materiality of the
calculating activity of a person with a pencil and paper: ‘Way compare a man in the
process of computing a real number to a machine which is @pwlole of a finite num-
ber of conditions’ (Turing, [1936]). This correspondensadcurate enough to consider
situations where the man takes a break, so interruptinglegions to resume them later
on: ‘It is always possible for the computer to break off froia Wwork, to go away and
forgetall about it, and later to come back and go on with iidfdoes this, he must leave
a note of instructions (written in some standard form) eixyitg how the work is to be
continued. This note is the counterpart of the “state of rhinfTuring, [1936]). This
process resulted in an ‘abstract’ conception (apparesmtipid of materiality) which is,
nevertheless, clearly embodied in the computer machinahveémerged shortly after-
wards. Although Turing never mentioned this anthropolabiechnique, his approach
to the issues of mathematics, and particularly the questiomhat is ‘calculable’ or
‘computable’ is precisely ethnographic.

Twenty years later, Turing reinforced the ethnographicati@r of his work. In
‘Computing Machinery and Intelligence’ (Turing, [1950f proposed a game where
a man and a machine have their roles confused as playerst Wilhhappen when a
machine takes the part of A in this game? Will the interrogdézide wrongly as often
when the game is played like this as he does when the gameyisdplteetween a man
and a woman?’ The ethnographic nature of this approach igiega by (Cohen &
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Court, [2003]): ‘[T]he ultimate test of an ethnographer Pebioe for a naive member of
a specific culture to ask both an ethnographer and a membleaioéulture to respond
to specific questions and perform certain actions. If thgguiled to determine who is
the genuine member and who is the “imposter” ethnographisrytould indicate that
the ethnographer has fully identified the characteristiteegroup’. Turing’s commit-
ment to the notion of materiality is also visible in the 19%ppr where he takes into
account new elements for a new time: ‘He has also an unlinsitgxbly of paper on
which he does his calculations. He may also do his multifbos and additions on a
“desk machine”’ . For Turing, more than just a style of wrifjradherence to empirical
facts, inductive reasoning and local conjunctures wereyaofhinking.

3 Turing: An Empiricist

In the mid-nineteenth century, John Stuart Mill argued #raiwledge initiates with
experience. For Mill, an empiricist, the foundations of @lsciences come from ex-
perience and observation, and thus, all sciences are imdpticluding mathematics
(Mill, [1848]: 148). A few years later, the argument of Millag severely criticized by
philosophers and mathematicians, for example, Gottlogd-¢¢1950]). When looking
for sound foundations for mathematics in the late nineteant early twentieth cen-
tury, these critics attributed supreme power to mathemaltiath through an attempt
at a purification process. This sought to eliminate from déde sciences any trace of
subjectivity: ‘mathematics has become a court of arbitrgta supreme tribunal to de-
cide fundamental questions on a concrete basis on whiclk@vercan agree and where
every statement can be controlled’ (Hilbert, [1925]). listbontext, philosophers and
mathematicians took any evidence of experience and olismmas a threat to the au-
thority of science or even, as a mere joke: ‘all Minchhaustlés are empirical too;
for certainly all sorts of observations must have been maere they could be in-
vented'(Frege, [1950]:12).

Despite the criticisms, the empirical ideal resisted tigioaut the twentieth century,
with new contributions and questions being posed. Aboutomared years after Mill's
‘A System of Logics’, the empiricist Quine rejected dichwiies in the understanding
of science, indicating the need to consider science as &dogly, where truth values
depend on experience only as border conditions, and areftiierconstantly subject
to revisions (Quine, [1951]:39-40). He also rejected ‘tledidd that each meaningful
statement is equivalent to some logical construct upongevirich refer to immediate
experience’. As for Quine ([1951]:20), experiences wemggberal conditions and not
attached to statements.

‘This is in accordance with experience’ wrote Turing ( [1)3&hen conclud-
ing that the machine should take into account one symbol @he, since a human
would not be able to decide at a glance if the two sequence3938999999999 and
999999999999999 are the same. It is clearly evident hetetea before Quine, Tur-
ing seems to have realized that mathematics and a kind of diiatesexperience overlap
only in a limited way: the inequality between 99 and 999, fwaraple, would be ‘im-
mediately’ (i.e. without mediation) perceived.
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The Turing machine is perhaps the most famous charactiernzafta formal coun-
terpart to the informal notion of algorithm. The equivalermetween the Turing ma-
chine and several other characterizations that have begoged suggests that math-
ematicians were in agreement about what they thought waslaallity. However, as
Rogers ( [1967]:20) observes: ‘The claim that each of thedsted formal characteri-
zations provides satisfactory counterparts to the infbmo#ions of algorithm and al-
gorithmic function cannot be proved. It must be acceptecejmcted on grounds that
are, in large part, empirical’. By adopting an empiricaitatte, Turing faced the prob-
lem of formalizing an intuitive notion: ‘All arguments whiccan be given are bound to
be, fundamentally, appeals to intuition, and for this reastdher unsatisfactory math-
ematically. (...) The arguments which | shall use are ofdtkiads. a. A direct appeal
to intuition. b. (...) c. Giving examples of large classesnafbers which are com-
putable. (Turing, [1936]). What emerged in Turing’s aptoa/as the empiricist nature
of knowledge construction, which he reached through etrapggc research.

4 The Mathematics of Turing and Models of Knowledge
Construction

Occasionally in the process of knowledge constructionptiogimity between the ma-
terial (matter, thing, object) and the form is no longer swemt. Once the links to the
materialities are lost, there is a sense of the ‘abstratigeas that come out of ‘no
things’. The pragmatist William James explains this preaeispurification that pro-
duces an epistemological gap between matter (thing/Qkdect form (idea): ‘For we
first empty idea, object and intermediaries of all their jgaitrities, in order to retain
only a general scheme, and then we consider the latter ority fanction of giving a
result, and not in its character of being a process. In te&ttnent, the intermediaries
shrivel into the form of a mere space of separation, whilédka and object retain only
the logical distinctness of being the end-terms that ararseed’ (James, [1907]:VI).

James defines his approach to knowledge constructiamdsilatory in the sense
that it considers the intermediate steps that charactkniae/ledge in every real case,
as opposed to thealtatory approach which describes results that are only abstractly
attained. By highlighting the bridge between object an@jd® undoes the separation
between the concrete and the abstract, and brings backsoehe all the particularities
and local contingencies that the process of abstractiaticat®s.

According to Latour ( [1999]:69), knowledge is construchgdmeans of a chain of
short reversible steps; he named these the ‘circulatiregeate’. Here, Latour’s con-
ception of reference differs from Frege’s ([1892]), for w¢he reference is a pointer
to something in the exterior world. For Latour, each intediate step in the chain of
knowledge construction is only a small gap between matwéndg) and form, and what
serves as matter (thing, world) in one step becomes formeiméxt step. In this chain,
what remains invariant when going forward or backward isréference. Thus, the
world and the language are not isolated domains that areditly the reference. In-
stead, the chain is a continuum where thing and form are Mesec'If the chain is
interrupted in any point, it ceases to transport truth -egabat is, to produce, to con-
struct, to trace, and to conduct fthe word “reference” designates the quality of the
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chain in its entirety and no longeadequatio rei et intellectusThe truth valueir-
culateshere like electricity through a wire, so long as this cirdainot interrupted’
(Latour, [1999]:69).

Turing ( [1936]) enables one to circulate the small stepsha ¢hain(human +
pencil + paper)« state of mind— note of instructions~ instruction tableback and
forth. What is originally thing (matter) is also idea (formhen a (small) step is taken
in the chain of knowledge construction. Thus, the mateyiali the amalgamation (hu-
man + pencil + paper) becomes the form of the state of mindglwthien becomes as
concrete as a materia to inspire the form of a note of insomst As Turing explains:
‘If he does this [the computer breaks off] he must leave a nbtastructions (written
in some standard form) explaining how the work is to be carmth This note is the
counterpart of the “state of mind”.” Ultimately, the notein§tructions took the form of
a table with a shape closer to a program for the computing mashvhich came about
a few years later: ‘g1 SO PS1,R g2 g2 SO PS0O, R g3 g3 SO PS0O, R$@880, Rql'.
Again, the form serves as thing in the current step. Along thiain from the (human
+ pencil + paper) computer to the computing machine, somgttémains unchanged;
this makes a tracing back and forward possible, which ocstes by step, and from
the most abstract representation of computability to thgireal materiality. What then
remains unchanged here despite the transformations isfience.

James'’s approach is resumed in Latour’s concept of ciiaglaeference, and can
also be seemin Alan Turing’s work. Here we will not pursuekimels of models of con-
struction put forward by authors such as James and Latouthbse models will lead
to an understanding of any knowledge, including matherahitizowledge, as historical
and local constructions, as ‘situated knowledge’.

5 A Sociology of Mathematics

If it is recognized that mathematical knowledge, like anlyestform of knowledge, is
locally produced and kept attachable (by circulating rfiee) to the conditions of its
construction, it begins to make sense to talk about the kmpimf mathematics, which
could ‘explain the logical necessity of a step in reasoning/by a proof is in fact a
proof’ (Bloor, [1976]:84). Such an approach helps to bring asymmetric power re-
lations which are manifested and strengthened in mathesadthese asymmetries are
performative, that is to say, tha@eterminemathematical configurations which are of-
ten presented and justified by mathematicians as purelyieadroptions. Hence, ‘the
argument is: although mathematical shapes are histgriaafjuired and learned, they
are subsequently naturalized, apprehended, and widedyingmacting the real world’
(Marques, [2004]). Controversies about the use of formatigcations of software for
ensuring correctness exemplify how the authority of whagisl to be ‘objective’, cou-
pled with its naturalized attributes of universality anditrelity, serves as an ultimate
guarantee of correctness, so preventing further questions

Computer systems certificationcompanies adopt standards that ensure reliability in
a broad spectrum of applications. The vast majority of caimpprofessionals are not
able to understand the complicated proofs of correctnesgstéms and there are anec-
dotal evidences that it is easier to understand the progthemsselves. However, in
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practice, if the software is ‘certified’, it is generally &pted that it is ready to be used
even in extremely high risk situations.

In 1999, an arrangement of international organizationedaCommon Criteria
(CC) created a basis for evaluating the security of inforomatechnology products.
The CC defined seven levels of assurance, establishing eelebtrust directly propor-
tional to an adherence to formal methods. To earn certifinatie developechooses
and formalizes the propertié® considersndispensable for safety, provides a formal
specification of the parts of the softwane considerritical and proof thathe cho-
senproperties meet the specification. The last step is thendeepthat the program
is indeed a refinement (an implementation) of the given $igatiobn, and thus meets
the properties proved at the formal level. These documewtshan analysed by the
‘evaluation authority’ —a team of specialists whose nameats the sense of authority
provided by mathematics.

A closer examination of the procésaill reveal, however, that arbitrariness, con-
vention, and hence ‘subjectivity’ are inevitabily presenthe initial stages, when sev-
eral choices are made by the developer. Being unable toreltmisubjectivity, the for-
mal method, stealthily propagates it throughout the eptioeess. Therefore, what pre-
vails here is not purely deductive thinking where mathecahtntities are said to be
built, but the strength of the discourse of true and univdasawledge and a ‘centered
reality’. This authorizes statements such as ‘IT produnts@rotection profiles which
earn a Common Criteria certificate can be procured or uséubuiithe need for further
evaluation’ (http://www.commoncriteriaportal.org/afy.

The myth of security arising out of the mathematization dfigare that remains un-
til today had its origins in the discussions sponsored byihith American Department
of Defense in the seventies (Makenzie, [1996]). Howeveznehen the confidence in
formal methods was not a consensus: ‘[L]et us suppose teairibgrammer gets the
message ‘VERIFIED. (...) What does the programmer knowkitavs that his pro-
gram is formally, logically, provably, certifiably corre¢ie does not know, however, to
what extent it is reliable, dependable, trustworthy, shé&does not know within what
limits it will work; he does not know what happens when it exdse those limits. And
yet he has that mystical stamp of approval: “VERIFIED.” ’ (Bdo, et al., [1979]).
Hence, subjectivity was clearly pointed out, but was insidfit to shake the confidence
that rested solely on formal methods, and even applies teday

A sociology of mathematics allows for explanations of mathécal facts (such as
proved theorems) which distance themselves from explamstif a more absolutist fla-
vor prevailing among the majority of mathematicians. Fer8ocial Studies of Science
and Technology, where the universality of knowledge is ustd®d as a mechanism to
ensure authority and science is viewed as a local phenomehjattivity is addressed
in its interweaving with the social; this makes it possililattother elements besides
those considered as ‘technical’ come into play in the coritiposof the facts regarded
as ‘mathematical’. An intertwined approach could posstye placed more light on

3 For an example, see the approach of Heitmeyer ( [2008]) tpstip CC evaluation of the sep-
aration kernel of an embedded software system. See alsepbe ICCMB-2009-07-003:229
available on the CC web page.
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the exposure of software to collective procesassin additional mechanism to ensure
correctness; this was raised by researchers, but was nsileoed by their peers.

Social processes for software correctnes8Vhat elements could contribute to mak-
ing programming more like engineering and mathematics?r@grhanism that can be
exploited is the creation of general structures whose fpeanstances become more
reliable as the reliability of the general structure inse=a This notion has appeared in
several incarnations, of which Knuth’s insistence on éngaand understanding gen-
erally useful algorithms is one of the most important andoeinaging. Baker’s team-
programming methodology is an explicit attempt to expo$esoe to social processes.
If reusability becomes a criterion for effective design,idevand wider community will
examine the most common programming tools.'(DeMillo, et [d979]). Researchers
citedgenerally useful algorithmthat took the form of the present design patteteam
programming methodologighat nowadays have been improved by the collaborative
capabilities introduced through the internet aadsabily which is a key issue in the
conception of modern program environments. Finally, theirrently a proliferation
of software development methodologies which rely on samidlhboration for secure
software development. This starts from the assumptiontiigatollective creation, ne-
gotiation, discussion and review by multiple agents, amathgr mechanisms of par-
ticipation, tend to maximize the chances of success in imgjld product, especially
software.e

6 An Open Path to a New Mathematics

The discussions on the issues of the mathematical founmagiothe end of nineteenth
and early twentieth centuries provided space for an altsm&orm of mathematics
that would be able to survive incompleteness. This trend ieagorced by the ma-
terialization of formal systems on computers that appeardte second half of the
twentieth century. Now computers are present in almostfaheeveryday life. Com-
puting machines therefore require constant negotiatiadh miathematics to meet the
new conformations of material requirements and to highligk reconfigurations re-
sulting from the coming together of what would be taken asithand things of life.
An example of this are the controversies giving rise to thHeBEStandard for Floating-
Point Arithmetic:

The attempts to define computer arithmeticin the 1970s failed miserably as regards
the ‘objectivity of arithmetic in solving life-world probims. The core issue was the
confrontation of the infinite expansion of certain real nemshand the finite size of
computational representation, which certainly requioesesform of truncation. Differ-
ent algorithms were used by different companies (IBM, RigitP, Intel, Texas) which
generated different results for the same purpose. A cosmabetween them showed
that there werenany decisions to be take®ne specialist cite[d] a compound-interest
problem producing four different answers when done on d¢atots of four different
types: $331,667.00, $293,539.16, $334,858.18 and $33B85He identifie[d] ma-
chines on which a/l is not equal to a (as, in human arithmetdyays should be) and
ern— Teis not zero." (MacKenzie, [1996]:168) Hence, negotiatinighanetic proved to
be a long process. A committee began to work in 1977 but IEEE Members Frac-
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tional Binary Arithmetic, was not adopted until 1985. Theaal point here, is that
the stable, consensual human arithmetic against which atangrithmetic could be
judged was insufficient to determine the best form of compatithmetic. (Macken-
zie, [1996]:182) Following this, extra-mathematical fastemerged and the negotia-
tion of anagreemenbverlapped with the authority of mathematics, resultinghia
arithmetic of overwhelmingly prevalent use naw.

These ‘negotiations’ and ‘reconfigurations’ resonate \tli hypotheses of James
([1907]: VI) concerning the ‘vulgar fallacy of opposing &fagtions to the concretes
from which they are abstracted’, causing a nuisance to thigeseek in mathemat-
ics a field free of uncertainties that would be able to proddeorous foundation for
other fields of pure science. Life runs its course and in ite fiquires mathematics to
be able to act in uncertainty, to abide creativity, and ndbégaralyzed when facing
incompleteness. We therefore claim that in some ways Twpened a path to this
‘new’ mathematics; as early as 1939, he introduced the naifoan oracle attached
to a computation and inaugurated a mathematical intimatwdsn of what is formal
and what cannot be formalized: ‘Let us suppose that we arplisdpwith some un-
specified means of solving number-theoretic problems; d &froracle as it were. We
shall not go any further into the nature of this oracle apamtnfsaying that it cannot
be a machine. With the help of the oracle we could form a new kinmachine (...),
having as one of its fundamental processes that of solvingen giumber-theoretic
problem.'(Turing [1939]:172-173). Later, in 1960, CompuScience showed a case
where the mathematical accuracy and requirements of life wetually mediated by
an oracle:

Errors among algorithm certitude: In 1960, the computer scientist Michael Rabin,
worked with probabilistic automata, employing coin tossesrder to decide which
state transition to take. As a result, he achieved an expgiahegduction in the number
of states of automata. In 1975, he again used the same idaddpting a primality test
algorithm which, although deterministic, depended on goroven assumption: ‘With
the idea of using probability and allowing the possibilifyeoror, | took [this] test and
made it into what is now called a randomized algorithm’ (Raf2010]) Even replacing
an unproved statement, the possibility of error causedidons among mathemati-
cians. Rabin showed that the numbéf®2- 593 passes his test and hence is a prime
‘for all practical purposes’ (Kolata,1976). Disputes abalgorithmic techniques de-
clined in terms of the definition of what constituted ‘praefipurposes’. ‘Of Rabin’s
contention that probabilistic methods of proof are neags¥éeinberger answers, “I'm
willing to be convinced. Just show me one substantial exarhplKolata, [1976])
Despite criticisms and rejections, Rabin asserted thaarek in Randomized Algo-
rithms was growing as an important branch in Computer Sei¢8basha, [2010]). In
the life-world, the mathematics fitted the new realities badame useful for ‘practical
purposes’s

Given that it is ‘unspecified, the use of an ‘oracle meansgeizing that the ‘objec-
tivity of mathematics cannot control everything. Moreqtke harmonic coexistence of
unruliness and formalized mathematics, as it happens imJwork, indicates a pos-
sibility of mathematical action with incomplete knowled@#lowing mathematics to
reach out to other domains.
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The Metabiology proposed by Chaitin ( [2011]) provides a description of ddga
organism in its essential features, making DNA into a progréng language that com-
putes the fitness of an organism. In order to model life, amsickering all the possible
configurations of biological organisms, metabiology engplthe space of all possible
algorithms, these being written in a fixed programming laggu In the analogy of life
as an evolving software, what accounts for biological évégtis randomness, which
represents the generation of organism mutations thatgliantually fitter, replaces
the previous organisms. ‘[A]nd that is sufficiently simpte germit rigorous proofs
or at least heuristic arguments as convincing as those teagraployed in theoreti-
cal physics.(Chaitin [2011], p.51). Here, metabiologywas away from a ‘realistic’
fidelity to biological processes, and thus simultaneouglyrives and releases math-
ematics of its role as a spokesman of a pregiven world. Enipdomathematical ap-
paratus over aimspirationin biology, metabiology undermines the dichotomy ‘sub-
jective’/'objective’ and enriches both biology and mattegios in an interweaving of
knowledgee

The authority of the ‘objectivity’, contrasted with its pewessness in solving par-
ticular problems in everyday life, had to give way to new feraf mathematics which
closely reflect local requirements. The negotiation betwtbe consensual deductive
reasoning and the new conformations imposed by local caingtrthereby gave rise
to new “objectivities”. Although not always widely recogeid this emergent and ne-
gotiated mathematics remains in use, as in the world of ilifss, what makes things
working.
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Abstract. Constraint satisfaction problems arise in many diversasairecluding
software and hardware verification, type inference, statigram analysis, test-
case generation, scheduling, planning and graph problEhese areas share a
common trait, they include a core component using logicahfdas for describ-
ing states and transformations between them. The mostkwelin constraint
satisfaction problem ipropositional satisfiability SAT, where the goal is to de-
cide whether a formula over Boolean variables, formed ukigigal connectives
can be madérue by choosingrue/falsevalues for its variables. Some problems
are more naturally described using richer languages, ssienitametic. A sup-
porting theory (of arithmetic) is then required to capture the meaning ebéh
formulas. Solvers for such formulations are commonly ck8atisfiability Mod-
ulo Theorie{SMT) solvers.

SMT solvers have been the focus of increased recent attetiémks to techno-
logical advances and industrial applications. Yet, thewdon a combination of
some of the most fundamental areas in computer science asvaiiscoveries
from the past century of symbolic logic. They combine thebjem of Boolean
Satisfiability with domains, such as, those studied in cerygtimization and
term-manipulating symbolic systems. They involve the siec problem, com-
pleteness and incompleteness of logical theories, andyficaiplexity theory.
In this article, we present an overview of the field of Satksfity Modulo Theo-
ries, and some of its applications.

Preamble

Edward Hermann Haeusler, a Mentor
by Leonardo de Moura

Hermann was always a mentor and a friend to me. | met him mare2h years ago
when | was an undergraduate student. | took my first serioogater science course
with him: Computability. In this course, Hermann introdde®veral important results
and concepts such as thalting problemHis lectures were always crystal clear and ac-
cessible even for immature students like me. | still rememhiogy Hermann explained
the halting problem, and the profound impact his lecturek Adong the years, | used
his approach many times when teaching students. He alsmlinted me to many im-
portant results such as Godel incompleteness theorem,iieckdt kinds of theorem
provers. Many years later, Hermann was my Ph.D. co-adwgdhat time, | had the
opportunity to meet him every week for several hours. | négamed so much. | was
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always looking forward to our next meeting. Without his halpd patience, | am not
sure if | would be able to finish my Ph.D. During my Ph.D., Henmagreed in offering
a course in Proof Theory. This was simply the best courserltea@. | am very grateful
for having such a great mentor and advisor.
Since | finished my Ph.D., | did not have many opportunitieseok with Hermann.

| am a researcher at Microsoft working on automated reagomhibelieve Hermann'’s
influence can be seen in my work and research papers. Theviiofarticle summa-
rizes my work on the Z3 theorem prover, and its impact on so#engineering and
Microsoft.

1 The Influence of SMT

In recent years, there has been enormous progress in tleeocalnstraint satisfaction
problems that can be solved, thanks to innovations in cayerighms, data structures,
heuristics, and careful use of modern micro-processorsldioSAT [27] procedures
can check formulas with hundreds of thousands variabl@sil&i progress has been
observed for SMT solvers for the more commonly occurringttes. There are many
state-of-the-art SMT solvers: Barcelogic [8], CVC3 [7], MiSAT [10], Yices [17] and
Z3[13]to cite a few. The annual competition for SAT and SMogedures is a key driv-
ing factor [4]. An importantingredientis a common interoba format for benchmarks,
called SMT-LIB [33], and the classification of benchmark®imarious categories de-
pending on which theories are required. Conversely, a growumber of applications
are able to generate benchmarks in the SMT-LIB format tch&rrtnspire improving
SMT solvers.

There is a relatively long tradition of using SMT solvers iglext and special-
ized contexts. One prolific case is theorem proving systamh as ACL2 [26] and
PVS [32]. These use decision procedures to discharge lerantasintered during in-
teractive proofs. SMT solvers have also been used for a lomg in the context of
program verification andxtended static checkirigl], where verification is focused on
assertion checking. Recent progress in SMT solvers, haweas enabled their use in
a set of diverse applications, including interactive tle@oprovers and extended static
checkers, but also in the context of scheduling, planniest;tase generation, model-
based testing and program development, static progranysasaprogram synthesis,
and run-time analysis, among several others.

We begin by introducing a motivating application and a sinipistance of it that
we will use as a running example.

1.1 An SMT Application - Scheduling

Consider the classicabb shop schedulinglecision problem. In this problem, there
aren jobs, each composed af tasks of varying duration that have to be performed
consecutively oom machines. The start of a new task can be delayed as long ascheed
in order to wait for a machine to become available, but tasksiot be interrupted once
started. There are essentially two types of constraintsignproblem:

— Precedence constraints between two tasks in the same job.
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— Resource constraints specifying that no two differentgaskjuiring the same ma-
chine may execute at the same time.

dij [Machine 1 Machine2 ..
Job% 2 ) g

Job 3 1 t11>0)A(t12 >t 1+2)A(t12+1<8) A
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Fig. 1. Encoding of job shop scheduling.

Given a total timemaxand the duration of each task, the problem consists of de-
ciding whether there is a schedule such that the end-timgesfyeask is less than or
equal tomaxtime units. We use} j to denote the duration of thith task of jobi.

A schedule is specified by the start-tinig;j) for the j-th task of every joki. The job
shop scheduling problem can be encoded in SMT using theytleédinear arithmetic.
A precedence constraint between two consecutive tagksdt; ;1 is encoded using
the inequalityt; j+1 > tj j 4 di j. This inequality states that the start-time of tgsk 1
must be greater than or equal to the start-time of faplus its duration. A resource
constraint between two tasks from different jolzndi’ requiring the same machirje
is encoded using the formul,; >ty j +dy ;) V (t j >t j +di j), which states that the
two tasks do not overlap. The start-time of the first task @rgyobi must be greater
than or equal to zero, thus we haye > 0. Finally, the end-time of the last task must
be less than or equal thax hence;j m+ di m < max Figure 1 illustrates an instance of
job scheduling problem, its encoding as a logical formuted a solution. The logical
formula combines logical connectives (conjunctions udisfion, negation) with atomic
formulas that are linear arithmetic inequalities. We say & SMT formula The solu-
tion in Figure 1 is asatisfying assignmeya mapping from variables; to values, that
makes the formul&ue.

2 SMT Solving Techniques

Modern SMT solvers use procedures for deciding the satibfiabf conjunctions of
literals, where a literal is an atomic formula or the negation of omenfnow on, we
call these procedurebeory solversThe scheduling example demonstrates that this
kind of procedure alone is not sufficient in practice, beeatli® encoding contains
disjunctive sub-formulas such as

(t11>t1+3) V(1 >t11+2).
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SMT solvers handle sub-formulas like this one by performiage-analysis. Case-
analysis is in the core of most automated deduction toolsstN®T solvers rely on
efficient satisfiability procedures for propositional logBAT solvers) for performing
case-analysis efficiently. A standard technique for irdégg SAT solvers and theory
solvers has been developed [1, 5, 14, 20, 30]. We describégtiinique next.

2.1 SAT - A Propositional Core

Propositional logic is a special case of predicate logigropositional logic, formu-
las are built fromBoolean variablescalledatoms and composed using logical con-
nectives such as conjunction, disjunction and negatioe. Sdtisfiability problem for
propositional logic is famously known as an NP-completebfem [11], and therefore
in principle computationally intractable. Yet, recent adges in efficient propositional
logic algorithms have moved the boundaries for what is atédale when it comes to
practical applications [27].

Most successful SAT solvers are based on an approach lematic search
The search space is a tree with each vertex representingladBoeariable and the out
edges representing the two choices (irele andfalsé for this variable. For a formula
containingn Boolean variables, there ar@ aves in this tree. Each path from the
root to a leaf corresponds to a truth assignmentdédelis a truth assignment that
makes the formul&rue. We also say the model satisfies the formula, and the forrsula i
satisfiable Most search based SAT solvers are based on the DPLL appft2jciThe
DPLL algorithm tries to build a model using three main opierat: decide, propagate
andbacktrack. The algorithm benefits from a restricted representatiofoshulas in
conjunctive normal form (CNF). CNF formulas are restrictedbe conjunctions of
clauseseach clause is, in turn, a disjunction of literals. Red#dlt a literal is an atom
or the negation of an atom. For example, the formufaA (pV q), is in CNF. The
operationdecide heuristically chooses an unassigned atom and assignstriie¢cor
false This operation is also calldztanchingor case-splitting The operatiopropagate
deduces the consequences of a partial truth assignmegtdesituction rules. The most
widely used deduction rule is thumit-clause rulewhich states that if a clause has all but
one literal assigned tialseand the remaining literdlis unassigned, then the only way
for this clause to evaluate to true is to asdiga true. LetC be the claus@Vv —qV -,
andM the partial truth assignmetip — falser — true}, then the only way fo€ to
evaluate tarue is by assigningy to false Given a partial truth assignmeht and a
clauseC in the CNF formula such that all literals Gfare assigned ttalsein M, then
there is no way to extendll to a complete modeVl’ that satisfies the given formula.
We say this is @&onflict andC is aconflicting clauseA conflict indicates that some of
the earlier decisions cannot lead to a truth assignmensttaffies the given formula,
and the DPLL procedure muisécktrack and try a different branch value. Ifanflictis
detected and there are no decisions to backtrack, thentimeifais unsatisfiable, that
is, it does not have a model. Many significant improvementthisf basic procedure
have been proposed over the years. The main improvementsm@araa learningnon-
chronological backtrackingefficientindexing techniquefor applying the unit-clause
rule andpreprocessingechniques [27].
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2.2 A Solver for Difference Arithmetic

The job shop scheduling decision problem can be solved bybtong a SAT solver
with a theory solver fodifference arithmeticDifference arithmetic is a fragment of
linear arithmetic where predicates are restricted to béefformt — s < c, wheret
ands are variables and a numeric constant such as 1 or 3. Every atom in Figure 1
can be put into this form. For example, the attym > to 1 + 3 is equivalent to the
atomty 1 —tz31 < —3. For atoms of the forns < c ands > c, a special fresh variable
zis used. We say is thezero variable and these atoms are represented in difference
arithmetic as— z < c andz— s < —crespectively. For example, the atdg» +3 < 8

is represented in difference arithmetictas —z < 5. A set of difference arithmetic
atoms can be checked very efficiently for satisfiability bgrsting for negative cycles

in weighted directed graphs. In the graph representatixct) gariable corresponds to

a node, and an inequality of the fotm s < ¢ corresponds to an edge fraio t with
weightc. Figure 2 shows a subset of atoms (in difference arithmetim¥ from our
example in Figure 1, and the corresponding graph. The negaicle, with weight-2,

is shown by dashed lines. This cycle corresponds to theviollp schedule that cannot
be completed in 8 time units:

task 1/job 1— task 1/job 2— task 1/job 3— task 2/job 3

Recall that the scheduling problem from Figure 1 is satisfidhut it requires assigning
a different combination of atoms to true.

t11
4
z —112< 0 -2
z —1t1<0 ! N
z —131<0 01— z

t3o0—z <5 4 /
t31—t32< -2 -3 0 //
to1—131< -3 ! ’

t11—thq< 2 tsz- Patas /
11— 1< - 5

Fig. 2. Difference arithmetic example

2.3 Interfacing Solvers with SAT

We summarized how a theory solver for difference arithmeticks. Now, we de-
scribe how a SAT procedure interacts with this theory solVae key idea is to cre-
ate an abstraction that maps the atoms in an SMT formula neghfBoolean vari-
ablespy, ..., pn. For example, the formula(a> 3) A (a> 3V a>b5) is translated into
—p1A(p1V p2), where the atoma > 3 anda > 5 are replaced by the Boolean variables
p1 and p, respectively. The new abstract formula can then be proddsga regular
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SAT procedure. If the SAT procedure finds the abstract foantwbe unsatisfiable then
so is the SMT formula. On the other hand, if the abstract fdarsufound to be satisfi-
able, the theory solver is used to check the model producdaebSAT procedure. The
basic idea is that any model produced by the SAT procedurecegia set of literals.
For example{p; > false p, — true} is a model for the formula:p; A (p1V p2), and

it induces the set of literalé—(a > 3), a > 5}, which is unsatisfiable in the theory of
arithmetic. Therefore, the formula (clause) 3V —(a > 5) is valid in the theory of
arithmetic. The abstraction of this formula is the claps& —p,. We say this clause is
atheory lemmasSince it is based on a valid formula from the theory of arigtio) we
can then add this clause to our original formula, obtainimgrtew formula:

=pLA(P1V p2) A(P1V —p2)

The SAT solver is executed again taking the new formula astjrgmd it finds the new

formula to be unsatisfiable, proving that the original fotanu(a > 3) A (a>3va>5)

is also unsatisfiable. In practice, many theory lemmas arated until this process
converges. Note that, this process always converges betizare is a finite number of
atoms, and consequently there is a finite number of theoryniesrthat can be created
using these atoms.

Given an unsatisfiable set of theory liter@8swe say gjustificationfor Sis any
unsatisfiable subsétof S. Of course, any unsatisfiable s&is a justification for it-
self. We say a justificatiod is non-redundanif there is no strict subsek of J that is
also unsatisfiable. It is desirable to have a theory sohatr phoduces non-redundant
justifications, because they may drastically reduce theckespace. This observation
follows from the fact that smaller sets produce smaller théemmas (clauses), and
consequently have fewer satisfying assignments.

Returning to the example in Figure 2, the negative cycleesponds to a non-
redundant unsatisfiable set of difference atoms. The rmgafi these atoms corre-
sponds to the following valid clause in difference arithiziet

A(tz1—t32 < —2) V(a1 —t31 < -3) Vv
S(tp1—t21 < —2)V(z—t11<0)V(tzg2—z<5)

This basic integration scheme is also known adalg offlineapproach. There are
many refinements for this basic technique. One example iave & tighter integration
between the two procedures, where the theory solver is aseldeick partial truth as-
signments being explored by the SAT solveni{ne integration. In this refinement, ad-
ditional performance gains can be obtained if the theomnyesas incremental (new con-
straints can be added at minimal cost) and backtrackabies{@nts can be removed
at minimal cost). Theory deduction rules can also be useduiogithe search space be-
ing explored by the DPLL solvett{eory propagatioh In difference arithmetic, theory
propagation can be implemented by computing the shortetstrdie between two nodes.
Returning again to the example in Figure 2, let us assumedwialityty 1 —t31 < —3
is not there. Thus, the graph on the right-hand side will mottain an edge frorty 1
to to 1 and, consequently, the negative cycle. The shortest distaatween the nodes
to1 andtz 1 is 1 by following the pattip 1 — —2t; 1 — 0z — 5St3» — —2t31. This fact
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implies thatt3 1 —t21 < 1, and one can verify that by just adding the inequalities as-
sociated with each edge. The inequatiy —t>1 < 1 is equivalent tdp; —t31 > —1
which implies—(t2 1 —ta 1 < —3). Therefore, if the SAT solver has assigned the atoms
ti1—t1<-2,z—1t11 <0,t32—z<5 andtz1 —t3» < —2 to true, then, by theory
propagation, the atora 1 —t31 < —3 can be assigned falseavoiding, this way, the
inconsistency (negative cycle) in Figure 2.

3 SMT in Software Engineering

As outlined in the abstractpgical formulasare used for describing program states
and transformations between program states. This lieseatdhe of most software
engineering tools that work with analyzing, verifying, esting programs. This section
describes a few of these applications.

3.1 Dynamic Symbolic Execution

SMT solvers play a central role olynamicsymbolic execution. There are a number of
tools used in industry that are based on dynamic symbolicigian, including CUTE,
Exe, DART, SAGE, Pex, and Yogi [23]. These tools collect exptl program paths as
formulas and use solvers to identify new test inputs thatstaar execution into new
branches. SMT solvers are a good fit for symbolic executiarabse the semantics
of most program statements can be easily modeled usingi¢sexurpported by these
solvers. We will later introduce the various theories that ased, but here let us first
focus on connecting constraints with a solver. To illugtridite basic idea of dynamic
symbolic execution, consider the greatest common divisérogram 3.1. It takes the
inputsx andy and produces the greatest common divisar ahdy.

int GCD(int x,int y) {
while (true) {
int m=x%y,;
if (m== 0) return vy;

X =Y,

y =m;
}

}

Program 3.1: GCD Program

Program 3.2 represents the static single assignment umdatdrresponding to the
case where the loop is exited in the second iteration. Asessriare used to enforce
that the condition of the if-statement is not satisfied inftre iteration, and it is in the
second. The sequence of instructions is equivalently semted as a formula where the
assignment statements have been turned into equations.
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int GCD(int Xp,int yg) {
int mp = X % Yo; (Mo = X0%yo)
assert (g '= 0); —(mp = 0) A
int X1 = Yo; (
int y; = mp; (
int m = x % y1; (my = x1%y1)
assert m == 0); (

Program 3.2: GCD Path Formula

The resulting path formula is satisfiable. One satisfyingiggsnent that can be
found using an SMT solver is of the form:

X0:25 y0:4a rrb:z; Xl:4a Y1:2, ml:O-

It can be used as input to the original program. In the caséisfexample, the call
GC( 2, 4) causes the loop to be entered twice, as expected.

Fuzz testings a software testing technique that provides invalid oxpeeted data
to a program. The program being fuzzed is opaque, and fuizipgrformed by per-
turbing input vectors using random walk&hite-box fuzzingombines fuzz testing and
dynamic symbolic execution, and is actively used at Micfbdb complements tra-
ditional fuzz testing, and has been instrumental in undogeseveral subtle security
critical bugs that traditional testing methods have beeabiento find.

3.2 Program Model Checking

Dynamic symbolic execution finds some input that can guigeetion into bugs. This
method alone does not produce any guarantee that progranfiearof all of the er-
rors being checked for. The goal pfogram model checkintpols is to automatically
check for freedom from selected categories of errors. Te&ldea of program model-
checking is to explore all possible executions using a fiaitd sufficiently small ab-
straction of the program state space. The tools BLAST [2BY ] and SMV from
Cadence, perform such program model checking. Both SDV & &e used as part
of commercial tool offerings. We will use the program fragrhim Program 3.3 as an
example of finite state abstraction. It accesses requeistg Gst Next Request . The
call is protected by a lock. A question is whether it is polestb exit the loop without
having a lock. The program has a very large, potentially umided, number of states,
since the value ofount can grow arbitrarily.
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do {
lock ();
old_count = count;
request = GetNextRequest();
if (request != NULL) {
unlock ();
ProcessRequest(request);
count = count + 1;
}
}
while (old_count != count);
unlock ();
Program 3.3: Processing requests using locks
Yet, from the point of view of locking, the actual valuesomfunt andol d_count
are not really interesting. On the other hand, thlationshipbetween these contains
useful information. Program 3.4 shows a finite state abstraof the same locking
program. The Boolean variableencodes the relatiocount == ol d_count . We use
the symbolx to represent a Boolean expression that can non-deterinaligtevalu-
ate totrue or false We can now explore the finite number of branches of the atistra
program to verify that the lock is always held when exiting khop.
do {
lock ();
b = true;
request = GetNextRequest();
if (request != NULL) {
unlock ();
ProcessRequest(request);
if (b) b = false; else b = x;
}
}
while (!'b);
unlock ();
Program 3.4: Processing requests using locks, abstracted
SMT solvers are used for constructing finite state abstrastike the one provided.
There are to date several approaches for creating thesa@hsts. In one of these
approaches each statement in the program is individuadifradted. For example, let
us consider the statemecdunt = count + 1. The abstraction of this statement is
—P
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essentially a relation between the current and new valuglseoBoolean variablé.
SMT solvers are used to compute this relation by provingréa®s such as

count == ol d_count — count+1 !'= ol d_count
which is dual to checking unsatisfiability of the negation:
count == ol d_count A count+l == ol d_count.

The theorem says that if the current valué @d true, then after executing the statement
count = count + 1itwill be false Note thatifb isfalse then neither of the following
conjectures is valid.

count !'= old_count — count+l == ol d_count
count !'= old _count — count+l != ol d_count

In both cases, an SMT solver will produce a model for the regatf the conjecture.
Therefore, the model is@unter-exampléor the conjecture. Therefore, when the cur-
rent value ofb is false nothing can be said about its value after the executionef th
statement. The result of these three proof attempts is tbeth 10 replace the statement
count = count + 1; byif (b) b = false; else b = *;. A finite state model
checker can now be used on the Boolean program. It will astatiiatb is alwaystrue
when control reaches this statement, verifying that callsotk() are balanced with
calls tounl ock() in the original program.

3.3 Static Program Analysis

Static program analysis tools work in a similar way as dymagyimbolic execution
tools. They also check feasibility of program paths. On tiieohand they never require
executing programs and they can analyze software libraridautilities independently
of how they are used. One advantage of using modern SMT sailvestatic program
analysis is that SMT solvers nowadays accurately capt@redgimantics of most basic
operations used by mainstream programming languages. B/hegprogram in Pro-
gram 3.5 to illustrate the need for static program analysisse bit-precise reasoning.
The program searches for an index in a sorted araythat contains a key.

Theassert statement is gre-condition for the procedure. It restricts the input
to fall within the bounds of the arragrr. The program performs several operations
involving arithmetic, so a theory and corresponding sothiat understands arithmetic
appears to be a good match. Itis important, however, to takeccount that languages,
such as Java, C# and C/C++ all use fixed-width bit-vectorhi@sepresentation for
values of typd nt. This means that the accurate theory ifat is two-complements
modular arithmetic. Assuming a bit-width of 32 bits, the nmaal positive 32-bit integer
is 221 — 1 and the smallest negative 32-bit integer-ig3L. If both | ow andhi gh are
230 | ow + hi gh evaluates to &, which is treated as the negative numbe?®. The
presumed assertionOmid < hightherefore does not hold.
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int binary_search(
int[] arr, int low, int high, int key) {
assert (low > high || 0 <= low < high);
while (low <= high) {
// Find middle value
int mid = (low + high) / 2;
assert (0 <= mid < high);
int val = arr[mid];
/I Refine range
if (key == val) return mid;
if (val > key) low = mid+1;
else high = mid-1;
}

return -—1;

Program 3.5: Binary search

Fortunately, several modern SMT solvers support the thebbjt-vectors which
accurately captures the semantics of modular arithmekie.lug does not escape an
analysis based on the theory of bit-vectors. Such an asakaild check that the array
readarr [ ni d] is within bounds during the first iteration by checking thenfiala:

low > highVv 0 < low < high < arr.length
A low < high
— 0 < (low+ high)/2 < arr.length

As we saw, the formula is not valid. The values: = high = 230, arr.length = 239+

1 provide a counter-example. The use of SMT solvers for k@tise static analysis tools
is an active area of current development and research. &grition with the solver
Z3 [13] and the static analysis tool PREfix led to the automdiscovery of several
overflow-related bugs in Microsoft’s code-base.

3.4 Program Verification

The ideal of verified software has been a long-running quases-loyd and Hoare
introduced program verification by assigning logical asses to programsExtended
static checkinguses the methods developed for program verification, butémtore
limited context of checking absence of run-time errors. 3MT solver Simplify [15]
was developed in the context of the extended static chea§yistems ESC/Modula 3
and ESC/Java [21]. This work has been the inspiration foersd\subsequent verifi-
cation tools, including Why [19] and Boogie [3]. These sysseare actively used as
bridges from several different front-ends to SMT solverkesntls. Boogie, for instance,
is used as a backend for systems that verify code from laregguagch as an extended
version of C# (called Spec#), as well as low level system& amdtten in C. Current
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practice indicates that one person can drive these tool&iéy\properties of large
code bases with several hundreds of thousands of lines. & arobitious project is
the Verifying C-Compiler system [18], which targets fuictal correctness properties
of Microsoft’s Viridian Hyper-Visor. The Hyper-Visor is &latively small (100K lines)
operating system layer, yet correctness properties atkeobang to formulate and es-
tablish. The entire verification effort is estimated to beusrd 60 man-years.

Program verification applications often use theories thanat already supported
by existing specialized solvers. These theories are stgxpordirectly using axiomati-
zations withquantifiers We will give an example of such a theory. In object-oriented
type systems used for Java and C#, it is the case that objectslated using a single
inheritance scheme. In other words, every object inhendt:1fat most one unique im-
mediate parent. Letrray-of(t) be the array type constructor for arrays of values of type
t. In some programming languagessif a subtype of, thenarray-of(s) is a subtype
of array-of(t). In this case, we say arrays behave im@notonavay with respect to in-
heritance. We specify in Figure 3, using first-order axiotinat the inheritance relation
sub(x,y) is a partial order satisfying the single inheritance propand that the array
type constructoarray-of(x) is monotone with respect to inheritance.

(Vx: sub(x,x))

(Vx,y,z: sub(x,y) Asul(y,z) — sub(x,z))

(Vx,y: sub(x,y) Asub(y,x) —X=Y)

(Vx,y,z: sub(x,y) Asul(x,z) — sul(y,z) vV sul(zy))
(Vx,y: sub(x,y) — sub(array-of(x), array-of(y)))

Fig. 3. Axioms for sub

The theory of object inheritance illustrates why SMT saodvidrat are targeted at
expressive program analysis benefit from general suppogtfantifiers.

All of the applications we have treated so far also rely onralmental theory that
we have not described so far: The theory of equality and fueetions. The axioms
used for object inheritance used the binary predisateand the functiorarray-of. All
we know aboutrray-of is that it is monotone ovesuly for this reason, we say that
the function isfree Decision procedures for free-functions are particularportant
because it is often possible to reduce decision problemseaeas over free functions.
Given a conjunction of equalities between terms using freetions, acongruence
closurealgorithm can be used for representing the smallest set jpligch equalities.
This representation can be used to check if a mixture of @gsand disequalities are
satisfiable; simply check that the terms on both sides of dsgguality are in different
equivalence classes. Efficient algorithms for computinggecaence closure have been
the subject of long-running research [16]. In these alporg, terms are represented as
directed acyclic graphs (DAGS). Figure 4 shows the opamnaif@a congruence closure
algorithm on the following small example.

a=b, b=c, f(avg(a)) - f(b,g(C))



“hermann50” — 2012/9/11 — 12:52 — page 123 — #129 jg

Satisfiability modulo theories: A calculus of computation 231

In Figure 4(a), we have a DAG for all terms in the example. N&gure 4(b), the
equivalences = b andb = ¢ are shown by dashed lines. Then, Figure 4(c), nodes
g(a) andg(c) are congruent because= c is implied by first two equalities. Finally,
Figure 4(d), noded (a,g(a)) and f(b,g(c)) are also congruent, hence the example is
unsatisfiable because of the required disequélityg(a)) # f(b,g(c)).

(@ f f (b) f f (c) f

Fig. 4. Congruence closure example.

3.5 Modeling

SMT solvers present an interesting opportunity for higlelsoftware modeling tools.

In some contexts these tools use domains inspired from metihes, such as algebraic
data-types, arrays, sets and maps. These domains haveesaisdhe subject of long-

running research in the context of SMT solvers. Let us firgbituce the array domain
that is frequently used in software modeling.

The theory of arrays was introduced by McCarthy in [28] ag p&rforming a
broader agenda for a calculus of computation. In the thebrmays, there are two
functionsread andwrite. The termread(a,i) produces the value of arrayat indexi,
while the termwrite(a,i,v) produces an array, which is equala@xcept for possibly
indexi which maps tov. To make the terminology closer to how arrays are read in
programs we will writea[i] instead ofread(a,i). These properties can be summarized
using the equations:

write(a,i,v)[i] = v
write(a,i,v)[j] = a

[i] fori# ]

They state that the result of readingite(a,i,v) at indexj is v for i = j. Reading the
array at any other index produces the same valug/gsConsider for example, the
programswap, which swaps the entriegi] andaj].
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void swap(int[] a, int i, int j)
{
int tmp = af[i];
ali] = aljl;
alj] = tmp;
}

The statement thaf i | contains the previous value afj] can be expressed as
a[j] = write(write(a,i,a[j]), j, afi])[i]

We here summarize a few of the areas in the context of softmadeling where
SMT solvers are usedvodel programsare behavioral specifications that can be de-
scribed succinctly and at a high-level of abstraction. Ehasscriptions are state ma-
chines that use abstract domains. SMT solvers are used farpdsounded model-
checkingof such descriptions. The main idea of bounded model-chgdkito explore
a bounded symbolic execution of a program or model. Thugngivbound, such as 17,
the transitions of the state machines are unrolled intoigdbfprmula that describes all
possible executions using 17 stepodel-based designsse high-level languages for
describing software systems. Implementations are detiyerkefinements. Modeling
languages present an advantage as they allow exploringigndgsace without com-
mitting all design decisions up front. SMT solvers play was roles in model-based
designs. They are used for type-checking designs and tleeysaful in the search for
different consistent choices in a design spatedel-based testingses high-level mod-
els of software systems, including network protocols, tivédest oracles. SMT solvers
have been used in this context for exploring the models wsgygnbolic execution and
search. Model-based testing is used on a large scale at $ditiio the context of the
disclosure and documentation of Microsoft network prote¢d4]. The model-based
tools use SMT solvers for generating combinations of tgstiis as well as symbolic
exploration of models.

4 Combining Theory Solvers

The combination of several theory solvers is one of the fumefatal problems for SMT
solvers. As the previous sections illustrated, appliceti@nging from test-case genera-
tion to software verification, require a combination of thies. For example, a combina-
tion of arithmetic and arrays is needed to reason about Bnogt5. Many fundamental
questions arise: is the union of two decidable theorielsdgdidable? Is the union con-
sistent? How can we combine different theory solvers? Ireganthis is a very difficult
problem. However, useful special cases have good answemstablished framework
for combining theory solvers is known as the Nelson-Oppenlination method [29].
This framework assumes theories do not share symbols, etkeepquality relation. In
this case, we say the theories disjoint. For example, the theory of linear arithmetic
uses the constants, functions and relatien®, 1, <, and the theory of arrays uses the
disjoint setread, write. It should also be possible to merge the models from the teo th
ory solvers into one without contradicting assumptions thie®ry may have about the
size of models. A condition that guarantees that solutiams@ combined is known as
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stable infinitenessa theoryT is stably infinite if whenever a (quantifier-free) formula
is satisfiable inT, then it is satisfiable in a model @f with an infinite universe (size).

In many practical cases, thiésjointnessandstable infinitenessonditions are easy
to satisfy when combining theory solvers. Of course notedbry combinations satisfy
these side conditions and more recent research has beetedévageneralizing the
framework where signatures are non-disjoint or where ies@re non-stably infinite
[22,34].

4.1 Convexity, Complexity and Propositional Search

An important notion in the context of combining theoriesimvexity A theory iscon-
vexif for all sets of ground literal$ and all sets of equalities between variatitel S
implies the disjunction o, then it also implies at least one equatioricof-or example,
the theory of free functions is convex, but difference ani¢hic over integers is not.

Convexity plays an important role in operations researclvelt as in SMT be-
cause efficient, polynomial time, techniques exist for commly solvers for convex
theories [31]. The key property is that the equalities cardéaucedwithout back-
tracking, instead ofjuessegdwith backtracking. Non-convex theories on the other hand
incur a potential exponential time combination overhetathdrefore becomes an ad-
ditional requirement on solvers in the Nelson-Oppen couiim framework that they
also indicate which variables are implied equal based on af sssertions.

The advent of efficient methods for propositional searabvadld viewing the theory
combination problem from a different perspective. Te¢ayed theory combinatid@]
method creates one atomic equality for every pair of vagisbhared between solvers.
These additional atomic equalities are assignettue or false by a SAT solver. In
this approach, the SAT solver is used to guess the correetlidgs between shared
variables. If the theory solvers disagree with the (disditjgs, then they cause the
SAT solver to backtrack. This approach is oblivious to wkettheories are convex
or not. Delayed theory combination potentially pollutes s#earch space with a large
number of mostly useless new atomic equalities. Vloglel-based theory combination
method [13] allows a more efficient handling of convex and-nonvex theories: it asks
the solvers for anodel The atomic equality predicates are only created if two esthar
variables are equal in a model.

5 Conclusions

In the last few years, SMT has become the core engine undgryyiwide range of
powerful technologies. SMT is an active and exciting areaeséarch with many prac-
tical applications. We have presented some of the basis,des we did not cover a
large number of details and heuristics. There are also akvdrer exciting recent topics
in SMT research [6], including proof checking, integratieith first-order quantifiers,
quantifier elimination methods, and extraction of so-chil¥aig interpolant formulas
from proofs. There are several existing and emerging agipdies we have not covered.
These include sophisticated run-time analysis of rea¢@mbedded systems, estimat-
ing asymptotic run-time bounds of programs, and progranhggis.
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SMT solving technologies are already making a profound rhpa a number of

application areas and the application areas are providthgeedback in terms of ex-
perimental data. Recent progress has relied heavily onriexpetal evaluations that
have uncovered new theoretical challenges. The theoretiedlenges include better
representations and algorithms, efficient methods for éoimdp procedures, theories
for quantifier reasoning, and various extensions to thectsssirch method.
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Abstract. Sometimes during the elaboration of a paper we face somédepnsb
involving the proof of the results. That is the case of thigchs.

The intent was present two methods to compact proofs. Thedirertical one,

that finds the most general unifier (mgu) between two patai&iches of a proof.
The second, a horizontal one, consists in replacing, camig, a minimal (non-
atomic) formula in a branch of the proof for a new variable.tAs reader will

see, this is not a complete article, adjust e complementtinust be made.

Preamble

The goal in sending this "article" to this book is to presehil consider to be the
greatest contribution that Hermann has given to me: "Tanlé&m my mistakes and
not be ashamed of them".

We did a lot of thinking on the assertions presented is this owever, we never
finished them properly.

This is a work in progress... one in so many.

Hermann was my PhD adviser, my postdoctoral supervisor, MyBIS research
project coordinator and, since 2002, a great friend.

In the beginning | didn’t agree with Hermann'’s way of advgsims students... To-
day, | do the same with my students, expecting them to befgtdteme as | am to
him.

I would like to thank Hermann for trusting on me, all this ygand for the valuable
lessons and advices.

Happy Birthday Hermann! You can always count on me.

1 Introduction

There are some worth of mentioning interconnections batweeof-Theory and Com-
puter Science. One can mention programming languagesgtypgtiplines, program
generation by means of extracting computational contemt fliogical proofs, compu-
tational complexity and estimations on the size of Normalo®s in certain systems of
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logic, and more. On the other hand, it is quite well-known ¢benputational analysis
hierarchy provided by logical decision problems. For eagimglexity class one can
provide a complete problem stated in logical form. Some e&#hproblems concerns
validity of a formula in a given logic, and hence implies preaistence. It is well-
known that the size of a proof is a question of theoretical @l pvactical relevance.

Short proofs are the proof-theoretical counterpart ofildacomputation. A short
proof is a proof that has polynomial sized proof length rdgdrits conclusion length.
The length of a formula or a proof is the number of symbols usesrite them down.
The fact that every classical tautology possesses a slomtipnplies thaCoNP= NP,
and the existence of tautologies not possessing this psopeany proof-system im-
pliesCoNP# NP, and henceNP # P, according Cook’s Theorem. For intuitionistic
logic the existence of short proofs for each tautology iegph P = PSPACE More-
over, Seldin has shown that in the Natural DeductidD) proof system, any classical
tautology can be proved with at most one application of tlessital absurdity rule.
This fact is proved by providing a transformation from anitaoy ND proof of a into
a proof ofa in ND having at most one application of the classical absurdity, mnd
if present this application is the last one. Besides thatiitbe verified that the later is

polynomial on the length ot whenever the former is. In this wayeo*)  if and

a
only if Fﬁﬁ'yﬂa‘) -0 — L. Thus, the existence of polynomial proofs for every intuiti

istic tautology implies the existence of polynomial profifsevery classical tautology,
hence in this caseoNP= PSPACE= NP. Summarizing, the existence of polynomial
proofs for every intuitionistic tautology is equivalenti® = CoNP= PSPACEwhile

for the classical casdP = CoNP. These proofs must be carried out in proof-systems
that polynomially simulate known deductive systems, sugtNatural Deduction or
Sequent-Calculus.

The decision whetheCoNP= PSPACE NP = PSPACEandNP = CoNP or not
are known to be hard tasks. They are quite instigating anarétieal questions. On
the other hand, while it is not known the answer to these gurestthere are known
examples of huge lower bounds on proofs of a specific kindezhout in certain proof
system. A worth of mentioning case is the super-polynomiaklr bound on the proof
of the propositional Pigeon-Hole Principle whenever earout in the Resolution proof
system. This lower bound happens to be the same for cut-geedt Calculus. This
example has been quite useful to argue in favor of the cetwiien providing proofs
in Propositional Logic, since such huge lower bound is nawkmfor any propositional
tautology in the Sequent Calculus with the cut-rule. On ttieohand, given a proof
M in ND, its corresponding normal probf has known hyper-polynomial upper-bound
on the size off1 as well some examples with hyper-polynomial lower-boundon
also. On of these later examples is due to Troelstra (seelfd) 2nd uses the typed
representation of Church numerals in order to build a patyiadly-length proof of a
tautology that has a corresponding normal proof which cababound any elementary
function. For first-order logic, Orekov has provided exaespdf formulas with linear-
length non-normal proofs for which any normal proof has agmyolynomial lower-
bound.

All the above discussion points out for the need of mechasitencompress proofs.
One may argue on the use of known compressing algorithm &ir However, their
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use is based on the fact that a proof is already at hand. Theileuis commonly put
aside in any implementation of theorem-provers, and ofsmthis is the problem with
huge problems. The same can be said about Natural Dedulcgoretm provers that are
driven to build normal proofs. To include the cut-rule in thplementation as well to
allow it to build non-normal proofs, the implementer shocdohsider a huge amount of
alternatives in every step of the proof. This would turn timpliementation quite inef-
fective. On the other hand, if one knows in advance straagjitts to allow the cut-rule
(a maximal formula in N.D. terminology) the implementatioould be better than the
previous case and is able to present short cases, wheneves plossible. This article
describes two methods that can be used to produce shortsprooéses that the cut-
free implementation cannot. The methods are based on urtiogl maximal formulas,
since it is presented for Natural Deduction. Adapting théhmés for Sequent Calculus
is a quite routine exercise. The article firstly presentsnie¢hods as the proofs were
at hand, so to say, applying (automatically) them to a nopradf. Section 2 presents
the basic terminology used in the article. Section 3 prestr Vertical Method, it is
designed based on the Pigeon-Hole Principle. The horizamthod is based on the
Church numerals example above cited and is presented iloBé&ctThe main mod-
ifications to be considered in a N.D. theorem prover to apiphsé methods “on the
fly” are discussed in Section 6 with corresponding estinmation efficiency. Finally
we conclude this article point out in which way it can contiténfor practical theorem
prover on N.D. and Sequent Calculus.

2 Basic concepts

In order to fix the notation, we present some basic definitibasare going to be used
throughout this paper.

A propositional formula is constructed from propositiomatiablesp,q,r,..., in-
terpreted as ranging over the truth valueand T, and from a propositional unary and
binary connective such as Vv, A and—. The set of variables in a propositional formula
H will be denoted by (H).

We will use as proof system the Natural Deduction System (NaBin Prawitz [5].
And we will use the standard convention in displaying praees, placing the major
premises of elimination rule applications in leftmost piosi.

To count the total number of symbols, we shall assume thatritygositional vari-
able p; are written as @ followed by digits in base 10. Thus proofs are written as a
string in a finite alphabet containing,0,...,9,V,A,—,—,(,) and comma.

The size of a proof is defined to be the total number of symivatlsé proof.

The size of a formula is defined to be the total number of sysiappearing in the
formula.

3 The Vertical Method

In this section we will present a method to reduce the sizembaositional proof. In
summary, this method looks for similarities in the proof aeglaces them by a new
variable that do not appears in the proof.
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A particular kind of propositional proof will receive ourtantion, proolJ -similar.
In what follows we present the definitions that are going ®todormalize this concept.
Definition 1 (U-similar Formulae). We say that two propositional formulae; ldnd
H, such that (H1) C V(Hy), are U-similarif and only if

1. |H1| =1 (or |[Hz| = 1). In this case, we say that théaxiomset of H and H; is the

unary set{H; <> Hz}, and

2. Hy =hloh} and H, = h?o h3 witho = o, hl is U-similar to h(or h is U-similar

to hi) and I is U-similar to 3(or h3 is U-similar to I?). In this case théJ-axiom
set of H and H, is the set WUU, where | is theU-axiomset of li and hzl and b
is theU-axiomof 2 and I3
Definition 2 (Axiom degree).Let U = {hy,...,h,} be the U-axiom set of Hand H,
we define the degree of U, denoted by (tlagas
degU) = [1—min{|hj|;i € 1...n}|

Example 1.Consider the following propositional formul&l andH,.

H1 =(poo A P10) V (Poo/A P20) V (Poo A P30) V (Por A P11) V (Po1A P21) V (Po1A P31)V
(Po2/A P12) V (Po2 A P22) V (Po2 A P32) V (P10 P20) V (P1oA P3o) V (P11A P21)V
(P12A P31) V (P12 P22) V (P13 P32) V (P20 A P30) V (P21A P31) V (P22 P32)

Hz ={[(PpooV (Po2 A P20)) A (P10V (P12A P20))] }V
{[(PooV (Po2/A P20)) A (P20V (P22 P20))]}V
{[(po1V (Po2 /A P21)) A (P11 V (P12 P21))] }V
{[(PooV (Po2 A P20)) A (P10 V (P12 P20))] }V
{[(pr0V (P12 P20)) A (P20V (P22 P20))]}V
{[(p21V (P22A P21)) A (P21V (P22 P21))]}

We have thapgg is U-similar to poo V (Po2 A P20), P1o is U-similar to p1oV (P12 P20)

and so on. The U-axiom set is

U = {poo <+ PooV (Po2A P20), P10 <> P10V (P12 P20),
Po1 <+ Po1V (Po2 A P21), P11 <+ P11V (P12 A P21),
P20 <+ P20V (P22 P20), P21 <+ P21V (P22 A P21) }
In this example the deg(U)=|1-4|=3.

The definition ofU-similar proof follows.

Definition 3 (U-similar proof). A proof as in figure 1 is said to bedimilar if and

only if H; and H, are U-similar.

et
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Hi —[Hg)t

L
-l ™ (1)

Fig. 1. ProofU-similar

3.1 Method

Consider a prodf) -similar whereH; is the premise of the-introduction andHs is the
hypothesis, like in figure 1.
Our compaction method follows the four steps below:

Algorithm 1 Vertical Method Procedure

K
1: Find the U-axiomU = |_Jh! « h?, of Hy andHs.

i=1
2: Replacethe left side of each element of the U-axidiby a new variable, sag, creating a
k

new seU’ = | J g « h?.
i=1
3: Replacesach occurrence ¢f in H, by the associateq, creating a new hypothesis d¢4.
4: Makea new proof similar to the before one only change the set obthgsisH, by the new
setH, UU’.

Lemma 1 (Compaction lemma).Letl be a U-similar proof. Then we can transform
I into a proofl’ such thatl| > O(k)|M’|, where k is the degree of the U-axiom present
in .

Proof. Let H; andH» be the formulae il that arelJ -similar.

Applying the algorithm tdH; andH, we obtain at step 3 a new probf with the
same number of lines. Since we have replaced part of them asiagble, some of these
lines are shorter than the previously ones by a factor lessjaal tok.

So, we will have thajf1| > O(k)|[’|. As we wish.

3.2 Methods Proof

Definition 4. Consider a proof as in the figure 2 such that &hd H form a U-similar
par with hypotheses set)td U; and that also H and H; form a U-similar par with
hypotheses set41)U; and so on, until that land Hc 1 form a U-similar par with
hypotheses HJU, ;.

A proof M in what is feasible the application of k chained U-simile# is de-
nominated aChainedU-similar proof The value of k is denominated tlepth of
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Hn ﬁ[Hn—ﬂl

Fig. 2. Sketch of Chained Proof

the Chained U-similar proof and is denoted by dgpth Each conclusion of the-
introduction is denominated kvel of the Chained U-similar proof enumerated from
top to bottom and denoted by leveleveb, ..., levek.

Theorem 1 (Main Theorem).If N is a chained U -similar proof with depth k then there
is a proofl’ with the same conclusion BF obtained frond1 such that | > O(r*) |1’
for some re N.

Proof. Letr be
min{degU;)}

We will show by induction ovek that|| = O(rk)|’|.

Base!lf k=1, then we are in the condition of lemma 1 and therefdie= O(r)|’|.
Induction stepif deptHM) = k. Applying the lemma 1 to the first level 6f a new
branch is produced with a set of hypotheldgs)U; and such that some lines have been

replaced by a variable.

Extending the replacement of variables to the remain of tbefpwe obtain a new
proof’such thatr| > O(r)|IT’|.

By the induction hypotheses applied from the second levehéoend ofl1’ we
obtain a new proof, sajl” such that’| > O(rk-1)|n”|

So,|M| > O(rkn”), as we wish.

4 Application

4.1 Pigeonhole Principle - PHP

A combinatorial principle called the Pigeonhole Principés been a important test case
for obtaining bounds on the lengths of propositional pr@efd for comparing the proof
theoretic strengths of various propositional proof systeltris the familiar fact that the
range R of injective functiorf must be at least as large as its domain D. If D and R
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have cardinalitiesa+ 1 andn, respectively, we can encode the principle as the tautology
PHP;:

n n—

1 n—-1
(A V-pi)v V  V(pijAPm)

i=0 j=0 o<i<m<n j=0
Remark 1.Note that the size dPHPR, is O(n®).

A proof of the principle was presented in [2] using Fregetayss, starting from
—-PHR, and ending in~-PHP. = =((piy A Pio) A (PEo A Pio)), that is obviously false.
Here the superscript is used to identify the cardinality of D

If we useAy to stand the left side d®HR andBy to stand the right side.

In what follows we present the sketch of the principle prdofsk = 3 using the
approach presented in [2].

This proof has the following deductions:

~PHP;
1A
~PHP;
2Tk
=(Poo A P10)

~PHPR,
3—a

~PHP,
4—g

From deduction (4) using six — eliminationit is generated the following deriva-
tion.

(PG Plo) (P&, A PFy)

: —PHB; : —PHB;
PHP, Bs —Bs Bs -Bs : :
By 1 1 1 1
1
In derivation (i) occurs the "translation" forfAHR, variables toPHP; variables
using the concept of extension rules.
The rules presented in [2] are:

k+1 k+1

;< pij, 0<i<nO0<j<n,
q < dTV (AL ), 0<i <k 0< j<kI<k<n

The application of this extensions rules for reduce prodfriege systems has in-
spired our method.

3 A generalization of axiomatic (Hilbert style) proof system
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5 Horizontal Method

This method unify branches in a proof and by means of introdoof minimal formu-
lae builds a smaller proof with the same conclusion.

A concept that will be very useful for our propose is the cqiad unification first
present in [6] and well explained in [1].

Definition 5. A substitution® is said to be aunifier from the set{E;,...,Ex} if and
only if E10 = ExB = --- = Ex6. The sef{Ey,...,E} is said to beunifiableif there is a
unifier for it.

Definition 6. The disagreement set of a nonempty set W of expressionsiaadby
locating the first symbol (counting from the left) at whiclht a8l the expressions in
W have exactly the same symbol, and then extracting from egmession in W the
subexpression that begins with the symbol occupying thsitipn. The set of these
respective subexpressions is tlisagreement sef W .

Algorithm 2 Unification Algorithm

1: k=0,W =W, andoy = ¢.

2: If W is a singleton, stopgy is a most general unifier fak. Otherwise, find the disagreement
setDy of Wk.

3: If there exist elementg, andty in Dy such thaty is a variable that does not occurtjn go
to 4. Otherwise, stoplV is not unifiable.

4: Letoy—1 = Oy {tk/Vk} andW 1 =W {tk/Vk}. (Note that\ 1 = W0y 1)

5: Setk=k+1 and go to 2.

Remark 2.If W is a finite nonempty set of expressions then this algorithwags ter-
minate at 2. [1].

Remark 3.In the step 4 we must mark the positions whékewvas changed.

Our method will be applied in the result of the unification @ss\, and will also
use the informations kept by the disagreementBgts

The concept ofrack also will be used in the construction of the horizontal metho
Below we present the definition of track, more details candomd in [8].

Definition 7 (Track). A trackof a derivationD is a sequence of occurrence formulae
Ao, ..., A such that

1. Ay is atop occurrence formula i® not discharged by an application of— E.
2. A fori < nis not the minor premise of an instance-ef—E, and either
() A is notthe major premise of an instance of a E and A, 1 is directly below
A, or
(b) A is the major premise of an instanaeof aVv — E and A, 1 is as assumption
discharged by;
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3. Ay is either
(a) the minor premise of an instance-ef —E, or
(b) the conclusion oD, or
(c) the major premise of an instanaeof aVv — E in case there are no assumptions
discharged byr.

5.1 The Method

Leto be a formula and ldtl be the set of hypotheses necessary to make the praof of
Our method follows the following steps in order to reducedize of a N.D. propo-
sitional proof on the fly.
We start for construct a normal proof from bottom to up from

Definition 8 (p-unifiable formulae). Two formulae are said to bp-unifiableif both
comes either from a elimination rule or from a introductiare not both.

For each new ramification that appears in the proof treeywdrfome of the three
conditions below occurs.

1. if the left-side formula and the right side formula of thukcation are unifiable, or

2. if the right side formula is unifiable with some previouphunifiable formula from
a different track, or

3. if the left side formula is unifiable with some previoushupifiable formula from
a different track.

If at least one of the conditions below are verified then westeaunifiable formulae
B’ of {Bi; i > 1}, wherep; belongs to different tracks of the derivation. And also have
unifier @ of {B;; i > 1}.

Suppose just for simplicity that we have only two unifiablenfialae at once.

In this case, we replace all the branch that appears aboebfumifiable formulae
by the axiomB’ <+ A; Bi.

After, we start the proof of’.

For each choice of hypothesis needed in the derivation psoae must take in
account if the position was modified I8y and this can be verified just looking on the
marked positions of;.

If the hypothesis needed occupies a position modifiel then we must use a new
hypothesigt = 8(h) for someh € H. ®

Until now, we have the following structures:

H BB B o
N and P1 B2
B uis

o

Putting this two parts together we generate the followingcstre:

4 f there is no branch we just add the axiom above the formulae.
5 |f there is no sucth is because the proof is not possible.
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o B BoB B BoB
n B1 B2

/ M
B -

That is, we construct a proof af usingH UH’ as hypotheses set and two new
axioms and eliminating a entire branch of the proof.

After conclude the proof op’ the formulaeBi can not be consider as p-unifiable
anymore.

If we use the standard way, instead the presented above, eawe a proof of
o using onlyH as hypotheses set and no new axiom. This proof will looks tiitee
figure 3. WhereH; UH2 = H.

Hi Hz
My P
B1 B2

M
o

Fig. 3. Branch similar

If the depth off; is lower than 2 then our procedure clearly construct a prmwél
than the standard one.

5.2 Horizontal Method proof

Lemma 2. If 6 is a unifier ofa; = BepZ andaz = BJaP3 foro € {v, A, —} 6(a1) =
B(a2) then® also is a unifier of} andf, ,i=1,2.

Proof. The proof follows directly of the definition of unifier.

Definition 9. Leta; anday be two unifiable formulae with unifid. We say that the
set of hypotheses;Hand H to construct the derivation af; andasy, respectively, are
unifiable if, and only if, for eachihe Hy there is If € H, such tha(h!) = 6(h?) and
vice-versa.

Theorem 2 (Horizontal Method).Leta anda; be two propositional formulae derivate
from the hypotheses sei ldnd H, respectively. 18 is a unifier for H and H, and also
the unifier fora; anday. Then there is a derivation & a;) usingb(H;) as hypotheses
set.

Proof. By hypothesis we have th@ta;) = 6(az) = a’.
Consider that the derivations af anda; have the following aspect:
Hy Hy
My My
a1 a1
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We will construct’ by induction on the depth dfl; (the same can be done wilh,

instead off1,).

Base: If depth of|[14] = 0thenH; =0, M1 = 1.

In that casd1’ =o' = 6(ay).

Inductive step: We have the following situation. A prodt ending ina wherea was
obtained by the application of some rule (elimination ruiédroduction rule).
First we treat the introductions rule:

Al In this caseq = 31 A B2 andll has the following aspect
My Mo
P B2
—a N
By lemma 2 we have th#&is a unifier to3; andf3;. And by the induction hy-
potheses there is a normal derivatiéfof B} = 8(B1) and a normal derivation
My of B, = 8(P2).
Of coursea’ = 0(a) = 0(B1) AB(B2). So, we construct a normal proof of,
as we wish.
— 1. Inthis casep = 31 — B2 andIl has the following aspect
[Bal
M
B2 |
o
By the induction hypotheses and by the lemma 2 we obtain af gigdor
8(B2) = B, usingB(B1) as hypotheses. Thii¥' is a immediate consequence.
VI: Inthis caseq = 31V B2 andll has the following aspect
My
P1
o
By the induction hypotheses lemma 2 we obtain a pftfpfor 6(31) = ;.
Now the eliminations rule. As we are treating with normalimiaes, then the elim-
inations rules occurs on the top of the derivation up to theimmal formula.
— E: Inthis casell has the following aspect
h
1 hy — hp L E
ho
My
o
By the induction hypotheses there is a prbigfof 6(a) using6(hy).
Applying 6 on h; we generate the derivation that we desire.
The same thought can be applied to the others eliminatides.ru
—
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6 Final Considerations

The methods presented in the previous sections received tlames due the direction
we need to walk in the proof in order to find the structure ndadeapply.

A lot of word must be done to make this a fully complete arti€ler those readers
that has the interests in help us in this matter, we recomoenegid some works related.
In [3] it is presented some new results involving reductibproofs, with examples.

Lew Gordeev, a special friend of TecMF, collaborates regigB] and writing [4].
In [4] is presented more results evolving proof compaction.

However, in order to be used in an automatic theorem proestill need to present
results that prove the computational efficiency of the twahods.
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Abstract. Classical Logic has been used as a basis for knowledge ezpation
and reasoning in many domains. Legal Knowledge Repregemiatinteresting
due to the natural occurrences of conflicts among law systerizidual laws
and cases, usually taken as logical inconsistencies. Ditg ittherently norma-
tive feature, coherence (consistency) in legal ontologiesore subtle than in
other domains. An adequate intuitionistic semantics faatien in a legal do-
main comes to the fore when we consider laws as individuatead of proposi-
tions. This paper presents a version of Intuitionistic Digsion Logic designed
for legal knowledge representation. The paper discussesaal coherence anal-
ysis of “Conflict of Laws in Space”, using our logic, and bryjeflompares this
analysis to other logical approaches to Legal Reasoning.

Preamble

In 2010 | finished my PhD under supervision of Edward Hermaaeusler at PUC-
Rio. | first met Hermann on the first semester of 2004 when hdtd his Logics and
Specifications course. At that time | was doing my Masters BE.Urhe course was
outstanding! We learned a lot with Hermann and his singubay of teaching: random
topics trailing a certain fuzzy syllabus that ends with andep overview of the whole
subject under study. The course changed my mind and it coeglime to start my PhD
with Hermann right after | completed my Masters. | remembat t asked Hermann to
be my advisor during my doctoral studies in the end of thatessemester.

In 2005 | started my PhD with Hermann. During that year, itdlitake too much
time to realize that | had made an excellent choice by haviegrtann as my advisor.
He was always available for long conversations and to andveesame questions over
and over again. He never tried to impose a research topic t@méhe other hand, he
drove my interests showing me problems and exposing me &arels opportunities.
He taught me to learn, to study and to use my time.

Around 2007, | had faced big changes in my life. Hermann wasetio make his
best to keep my focus on my studies. | remember the oppoytthvdt he provided me
when he let me present a poster in the ER 2007 in New Zealarad.tiidvel has had
profound impact on me. That was my first conference abroadatitvated me a lot.
The poster was about the paper [1] and was the starting painhy interest in the
subject. Later, Hermann and Isabel kindly invited me to fhiem in the research and
we wrote [2—4] together.

In the beginning of 2008 | engaged in the ANUBIS researchgutojA joined
project of TecMF-PUC with Modulo Security Systems for thenfialization and rea-
soning about security policies. It was during our work intghiject that | chose proof
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theory for Description Logics as my research topic. Oncémaddermann drove my
attention to the right opportunity showing to me the directihat | should follow.

During the next years until 2010, we have kept expanding gendship. We not
only met each other during the week professionally but | sfacted to surf with him on
Saturdays. After the surf, we always spent around 1 or 2 hafurenversation during
the breakfasts.

In April 2010 | presented my thesis [5] and obtained my PhDthat time another
big change happened in my life. At FGV, | had the opporturatgtart a new position
as a professor at the Applied Mathematics School. At the éri2Dd0 | was a little
disoriented about what direction should | take in my canédérat topics should | study
and invest my time? | recognized then how much | still needechtdnn’s advice. It
was during that time that Hermann started a new researchnaitdd me to join him.
It was about using intuitionistic logic for legal reasonidggis somehow and natural
extension of my thesis given that we proposed a intuitiomigtrsion of one of the
deduction systems presented in my thesis. That was thedbics paper.

Before moving on, | would like to thank Hermann for his frieship and always
valuable advices and lessons. | am also thankful to Chmistfar giving me the op-
portunity to write these words about my great friend Hermarims paper was first
published as [6]. Section 3.1 was submitted to the pos-gdings of EBL 2011 to be
published in a special volume of IGPL.

1 Introduction

This article proposes an alternative logical basis for LBg@soningl(R) in the context

of Al. There are many aspects to be considered whenever veespes a foundational
question as what constitutes the logical basis for repteggR. It seems clear that the
wayLR is conceived is strongly related to the way laws (or “The Lpare represented.
LR is strongly interconnected to Legal Knowledge Represemtat.e, to the Legal
Ontology chosen, in a wider sense of the temmology What we see is thatR must
haveontological commitment# cannot be simply based on a “legal” logic. It must also
make a commitment as how do we get to know what we are reasahmg. Our main
goal here is to show how an intuitionistic version of the Dggon LogicALC [7] can

be used to handle adequately certain incoherent situdtiars.

In [8], Knowledge Representatid(R is taken as a kind adurrogate a substitute
for the represented knowledge itself. According to thatisahwork some fundamen-
tal roles thakR plays inAl are: (1) It is a set obntological commitment42) It is a
fragmentary theory of intelligent reasoning; (3) It is a nuea for efficient computa-
tion; and finally (4) It is a medium ofiuman expressioipplying these principles we
conclude that:

1. LR should be based on logic. We focus masoningrather than on learning or
data-mining. We want to generate human readable explaisdtio the reason why
a statement is a valid legal statement about a given legtdreys

2. The ontological commitments @R should be guided by the underlying jurispru-
dence theory and judicial practice. But fundamentallys¢éhentological commit-
ments need to pay attention to computational efficiency aadibility.
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When dealing withKR, questions about the adequacy of tharogatearise. The
surrogate must substitute the “real thing” as faithfullypassible. Considering princi-
ple 1, there cannot be inconsistencies in the set of serdet®seribing our knowledge.
An inconsistent theory has no model, and hence, descripgesents nothing. Incon-
sistency is usually associated with formal versions of tiegaThe concept of logical
negation is also essential when representing legal kngeledonsistency seems to be
more difficult to maintain when more than one coheillamt systentan judge a case.
This is also called @onflict of laws There are some traditional legal mechanisms to
solve these conflicts; some of them state privileged foliem consider jurisdiction,
or law hierarchy or precedence between laws. Even using tlegal mechanisms, co-
herence is still a major concern. As consistency is strorgbted to logical negation,
negation’s role in.R is more subtle than it is in other domains. In this article wanty
investigate some inconsistencies that arise from the uge@xcluded middle in Clas-
sicalALC, a core description logic. Description Logics (DLs) havemidely used in
KR. DLs are basically conceptual languages. A DL knowledge Imdefined on top of
a set of concept terms plus a set of binary-relations, soatersents about individuals
(the ABOX), and a set of subsumption assertions between concepfBBB). Entity
Relationship models, UML specifications, and many othem&aorks in Computer
Science can be adequately represented by DL theories. Nts ®@Ls used are de-
cidable. Althouth the computational complexity of DL sééibility is at least PSPACE,
there are good commercial reasoners to test satisfactioti)iof a DL formula, and
they can be used to test logical consequence of subsumptitngespect to a theory.
Following principle 2, we want to use the expertise from theddmmunity to improve
LR.

In section 2, we show that our underlying jurisprudence théobetter served by
the use of an intuitionistic version ®L.C. The tailoring of this version, which we write
asiALC for intuitionistic ALC, is also a contribution of this work. We show haa.C
can be adequately usedLlRr.

Explained to a modal logiciarALC is formally equivalent to multimodaK [9].
Using the modern modal logic perspectiye.C with ABOXes can be taken as a hy-
brid logic. The assertiopl: BR, expressing the fact thatl is a nominal denoting an
individual (law) inhabiting the extension of the conc&®R, is modally taken as “the
propositionBR holds at worldpl”. Keeping both readings ofLC in mind (as multi-
modal and as a hybrid system) helps to understand our defirGfiALC and its use in
LR. In this article, each individual law will be taken as a pbsiworld (in a Kripke
structure) and the collection of all individual laws (valedyal statements) forms our le-
gal world. We choose “Conflict of Laws in Spacé'to show how intuitionistic negation
(iniALC) can help us deal with incoherent laws.

As discussed in [10], there are several possible ways ofidgftonstructivede-
scription logics. Here we use a constructive versiorlo€, based on the framework
for constructive modal logics developed by Simpson in [Qlr system is also simi-

4 This legal term is used to mean that the laws of different tgem (or different jurisdictions),
on the subject-matter to be decided, are in opposition tb etiter; or that certain laws of the
same country are contradictory.
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lar to the constructive framework developed in [12] for Hgbrogics, its immediate
inspiration. A shorter version of this work was presentef Bi.

2 Jurisprudence and Intuitionism

To know what should be the basic unit of law is a fundamentahapuestion in jurispru-
dence theory. Any approach to law classification requires dinswering this question
([14]). There are two main approaches to the question: (2)aam take all normative
statements, as a whole, as “the law”, or (2) one can take gaiyevalid statement as
anindividual law. The approach (1) carries the hard task of ruling a perfecidv®he
approach (2) seems to be nowadays predominant in legakpipifty and jurisprudence
([15]). The coherence of laws plays a central role in botte firfain debate on whether
coherence is built-in by the restrictions induced by Nafaran evolutionary way, or
whether coherence should be the object of knowledge marageseems to favor the
latter. The approach (1), in essence, is harder to be shatkdurisprudence princi-
ples, since it is mainly concerned in morally justify the l&he approach (2) seems to
be more suitable to Legal Al. In fact, some Knowledge Engiimeggroups pursue the
latter as a basis for defining legal ontologies. We follovs ttuute. In what follows we
shall use “valid legal statement/I(S) to denote an individual law holding in our uni-
verse of discourse. Following Kelsen'’s jurisprudence,universe of discourse is only
inhabited byVvLSs. For instance, if “Mary is liable” is &LS it has to be an element
of our legal world. Concepts denote particular legal systemsituations (collections
of individual laws). For example, we can uBRto denode the set ofLS holding in
Brazil. In particular, we may haval: BRmeaning “Mary is liable” is &/LS in the set
of Brazilian individual laws BR).

In the sequel we discuss the role of the negation in Legal Kexge Representa-
tion. We will take valid legal statements as individuals dégal universe, instead of
taking them as (deontic) propositions. We will comparesilzd negation to intuition-
istic negation. The natural precedence between valid gééments is the pre-order
relationship that characterizes the Kripke Semanticsrituitionistic Logic. In order
to find out what happens in (classical)lC, we check the simple task of negating an
ALC concept. First recall that in classioslC the formulai: CUi: —C is valid, for any
nominali and concep€. Consider Peter, a young man, who is not yet 18 years old.
If plis “Peter is liable” therpl: BR cannot be the case, since the legal age in Brazil
is 18. From the negation gfl: BRandpl: BRU pl: =BRwe havepl: -BR Since in
classicalaLC the negation of a concept is interpreted as its set theatetenplement,
this conclusion is too strong, it says that “Peter is liabea VLS that holds outside
Brazil. For, if BRis interpreted as the set@tS holding in Brazil then-BRis the com-
plement of this set, that is the set\0fS that holds outside Brazil. Bytl: -BRis not
always the case, there might be no Peter at all, outside IBTdmis, as is well-known,
negation in classicalLC presents problems faR. Now considering an intuitionistic
version ofALC, we do not have thapl: —-BRis a logical consequence of the above
formalization. The semantics of negation in intuitiorgdtbgic uses possible worlds,
as the one for modal logic, and an hereditary relationshigyéen worlds. In terms of



“hermann50” — 2012/9/11 — 12:52 — page 144 — #150 jg

144 A. Rademaker et al.

intuitionistic semanticspl : ~BRholds whenever everyLS accessibl@ from pl does
not belong tdBR The relationship betweerLSs is the natural precedence existing be-
tween laws. For example, “Peter is president of a companystrba preceded byl,

no one can be president of a company without being legalydiarhus, the proposi-
tion pl: —=BR only takes into accounLSs that succeegl in order to find out whether
“Peter is liable” does belong teBR. Our conclusion is that intuitionistic negation deals
with classification of concepts better than classical riegathenever one has a natural
precedence betwee.S. The term “natural precedence” comes from the fact that it is
a precedence related to the logic, not a precedence retatgtidr arbitrary modeling
considerations.

We can say that our logical approach.® has a strong bias to static analyses of the
legal world. Cases that are not yet sentenced cannot be iatceaccount. However,
VLSs related to the case, as proofs that are legally part of ka ¢téa be considered.
Thus, our approach follows principle 2 above.

3 The systemALC

Our system is based on the framework for intuitionistic mMéaigics proposed by Simp-
son[11] and calletML (intuitionistic modal logic). These modal logics ariserfrinter-
preting the usual possible worlds definitions in an intuiigtic meta-theory. The main
benefit of these Natural Deduction systems when comparadddibnal axiomatiza-
tions is their susceptibility to proof-theoretic technéguStrong normalization and con-
fluence results are proved for all of the systems describ&irpson. On the downside
the basic structure of Natural Deduction needs to be exteto@eal with assumptions
of the formthe world x is R-related to world,ywhich is written as a second kind of
formulaxRy.

We also use ideas from [12], where the framewstl, for intuitionistic hybrid log-
icsis introduced. Hybrid logics add to usual modal logics a navd lof propositional
symbol, the nominals, and also the so-called satisfactpmraiors. A nominal is as-
sumed to be true at exactly one world, so a nominal can be deresl the name of a
world. If xis a nominal an is an arbitrary formula, then a new formwaX called a
satisfaction statement can be formed. The parbf x: X is called a satisfaction oper-
ator. The satisfaction statementX expresses the fact that the formias true at one
particular world, namely the world at which the nomimas true. Out of these tightly
connected systems of intuitionistic modiL and hybrid logicsHL, we want to carve
out our logic.iALC concepts are described as:

C,D:=A|L|T|-C|CND|CUD|CED|3RC|VRC
F:= CCDJa:C|aRb

whereA stands for an atomic concepfor an atomic rolef for a formula and, b for
individuals (in hybrid logic reading, nominals). We couldve used distinct symbols
for subsumption of concepts and the subsumption conceptreanor but this would
blow-up the calculus presentation.

5 A world a is accessible from world if a is related by means of the hereditary relationship to
b.
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A constructive interpretation @ALC is a structuréZ consisting of a non-empty set
AT of entities in which each entity represents a partially defiindividual; a refine-
ment pre-orderingz® on A, i.e., a reflexive and transitive relation; and an interpre-
tation function-Z mapping each role nanf to a binary relatiorR? C A x AT and
each atomic conceptto a setA” C A” which is closed under refinement, i.e.c AT
andx <7 yimpliesy € AZ. The interpretatiorf is lifted from atomic_L, A to arbitrary
concepts via:

TI :deI
(=C)T =gt {x|Vye AT x<y=y¢gC}
(CnD)T =4; CTND?
(CuD)® =4; CTuD?
(CC D) =q4f {x|vye AT.(x<yandyec CT) = yc D’}
(ARC)T =q; {x|Vyec AT x =y
= 3zc AT.(y,2) ¢ RT andze CT}
(VRC)T =q1 {x|Vyec AT x =y
=Vvze AT (y,2 eRT = zeCT}

Our setting simplifies [16], sincALC satisfies (like classicalLC) GR. 1. = | and
JR(CUD) = 3R.CL3IRD. We have no use for nested subsumptions.

Simpson’s system captures in the rules the intuitions ohtbealities over possi-
ble worlds. We adapt it to the description logic and the r@esin fig. 1. There are
two main modifications from usual, non-labelled sequertudak:® we add the labels,
which intuitively describe the world where the formula (ur@ase the concept) is being
asserted; and we use a new kind of premise in our deductitensy8g. 1, assertions of
the formxRy, which mean that the rolR relates worldx andy. The main modification
comes for the modal rules, which are now role quantificatides. We must keep the
intuitionistic constraints for modal operators. Ruésight and3-left have the usual
condition thaty is not in the conclusion.

In [17] we provide a complete and sound Hilbert-style axitinadion for theiALC
system in Fig. 1.

Theorem 1. The sequent calculus described in Fig. 1 is sound and comfe{TBox
reasoning, that i®©, 0 = C if and only if© = C is derivable in our axiom system.

3.1 Complexity analysis of ALC

In [18], it is presented a general approach to prove comiomtatcomplexity of Hy-
brid Logics. The article shows how to obtain, from a formalaa 2-person game,
designed to be polynomially implemented in an Alternatingiig Machine [19], such
that, deciding existence of winning strategy for one of tleyers is equivalent to de-
cide satisfiability (SAT) ofo. This approach is used to show that SAT is in PSPACE,
since any polynomial time implementation on an Alternafiiiging Machine can be
done in ordinary Turing Machine using polynomial space. &twer, for Hybrid Modal

6 The reader may want to read Proof Theory books, for exampleetfi, Jean-Yves Girard,
Samuel Buss and Jan von Plato.
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Mx: o= x:a Mx: L= 0
- Ix: VRa,y: a,xRy= 9o
xRyl = xRy r,x: VRa,xRy= & v
M XxRy=y: a v IMXRyy: a = d
r= x:vRa ' rxJRa= o
= xRy r=ya o A= a A2,5=>VE|
r= x:3Ra i A D0 EB=y
Aoa= Ao,B=y -
A= oaCpB AorB=y
A= a A:>B|_|r Ao=y A,B:yul
A= arp AaLUB=vy i
BL=a 0=y 5
A= alLp JRO= IRy
A=y
VRA= VRy P

Fig. 1. The SystemALC: logical rules (Uo-r analogous)

Logic K it is possible to conclude PSPACE-completeness of SATedthés already
PSPACE-complete.

The approach briefly explained above was applied to Cldsslodal Logics. In
this section we adapt the approach to prove PSPACE-comleseof Intuitionistic
Description Logid ALC.

Assertions likea: C, aRbanda < b are worth for ABox reasoning. In this complex-
ity analysis of satisfiability in.4£C we consider this kind of assertions too. We prove
thati ALC is PSPACE complete by adapting the game defined in [18] to @sg.CcThe
game is a 2-person game of polynomial size on the size of thigoged formula and
assertions (ABox). ForALC we have to consider the Hybrid assertions C, aRh
a=<b)asitis done in the original presentation [18]. We admit Hesertions lika < b
might not be named as Hybrid, but they are formally treatddydwid in the approach.
The lower bound is provided by the well-known theorem of Ledi20] on PSPACE
completeness of Intuitionistic Logic and the logics betaw&eand S4.

Theorem 2. i ALC is decidable regarding satisfiability. The complexity disfability
and derivability problems are PSPACE-complete.

Proof. The lower bound follows from the the fact thi®L is properly contained in
iALC, and thatPL is PSPACE-complete. Consider a sequerit = y, whereO is the
(sub)sequence of concept formulas &rid the (sub)sequence of assertion formulas, i.e,
formulas either of the forgR por p: a. We have tha®, " = yis satisfiable, if and only
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if, (MeceB) C yis satisfiable in a model df. With the sake of a shorter presentation we
consider only one rolR. Let& be(Mgee0) C . If Ais a set of formulas, A=-Hintikka
I-setis a maximal consistent set of subformulas ftom{q < p: NOMINALSA)}. The
game is played as follows, by two playefiselard and3loise on a list of (T U {&})=-
Hintikka I-sets Jloisestarts by playing a lisfHo, ... ,Hk} of T U{&} of Hintikka I-sets,
and two relationsk and=< on them.=< is a pre-order relation on the Hintikka I-sets.
Besides subformulas 6fU {¢}, a Hintikka I-set may contain a nomina®ccurring in
aformulaq:a of I'.
Jloiseloses if one of the following conditions does not hald:

<C LetZ={p=q:p=qeTl}. EachH; contains all the assertions representing the
transitive-reflexive closure &, under=.

NWI Hp containd” U{&} and every otheH; contain at least one nominal occurring in
ru{e).

NWII' No nominal occurs in more than okg, j =0,k

NA For everyH; and everyg: a occurring inl", ¢ : o € H;, iff for somej g € Hj and
o€ Hj.

DC For aJII JR.a that is a subformula occurring inU {&}, if HiRH; and3R.a ¢ H;,
thena ¢ H;.

ICI For all-a that is a subformula occurring MU {&}, if H; < Hj and—a ¢ H;, then
o€ Hj.

ICIl For :3." a1 C ap that is a subformula occurring inU {&}, if Hi < Hj anday C
0 ¢ Hj, thenay € Hj anda ¢ H;

ICHI Forallg = p, with g,p e NOMINALSI U{&}), if Hi < Hj, g€ Hj andp € Hj,
theng<peHy forn=0,... k.

Vbelard continue by choosing af; and a formulaiR.a € H;, or—~a € H;, ora C
02 € H;. Jloisemust respond with a Hintikka I-s#&t, such that:

ADC If the chosen formula isiRa, thena € Y and for each subformulaR.3 from
ru{&},if IRB<Hi, thenfeY.

AICI If the chosen formula is-a, thena ¢ Y and for each subformula3 from I' U
{&}, if B & H;i, thenP € Y. For each subformulB; C B2 from T U{&}, if B1 C
B2 & Hi, thenBy €Y andBa €Y.

AICII If the chosen formulais C a3, then eitheo; € Y anda, € Y, orag €Y. For
each subformul@; C B2 from T U{&}, if B1 C B2 ¢ Hi, thenPBi € Y andPB2 £ Y.
For each subformulaB fromF U{&}, if -3 £ Hi, thenB €Y.

IMI In any case, for al : 3 that is a subformula of U{&}, gq: B €, iff {q,B}is
contained irHj, for somej = 0, k.

IMIIIf g, for some nominaf}, thenY = Hj for somej = 0,k. In this casedloise
wins the game.

INeg If Y is equal to some Hintikka I-set already generatedlloysein a previous step
of the game, then the game stops and she wins the game.

7 The labels of the items remind their logical roles iild£C semantics:NamingWorlds
I and I, NominalAssign, DiamondCondition, IntuitionisticCondition | to I,
AbelardiamondCondition, AbelardntuitionisticCondition | and II, IntModell and I,
and=<Cassertions
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The game stops ariebelard wins, if Jloise cannot find arY as above. If she can
find suchy, it is added to the list of Hintikka I-sets and tkerelation is updated to
= U{(H;,Y)} and the match continues b{pelard choosing another formula from the
recently updated list of Hintikka I-sets, considering tpegsibly) updateek-relation,
leaving to her the task of finding anothérand so on.

At roundm, VYbelard can only choose either a formula of modal depth less than or
equal to the modal depth &fU {&} minusm, or a formula with number of: occur-
rences less than or equal to the@ccurrences of U {&} minusm. Finally, 3loisewins
if she survive all attacks dfbelard. Since each attack of him is performed on a for-
mula of less or equal complexity than the last one, the mairtangth of a match is
bounded by the number of subformulas occurring in{&} plus the number of nom-
inals occurring in the sequent, this is a polynomial boundhenlength of the match,
and hence the game. Using Lemma 1 we have that satisfiatfilinesequent is equiv-
alent to existence of a winning strategy féinise. As existence of winning strategies
is a PTIME decision problem in Alternating Turing Machineg conclude thatALC
satisfiability is PSPACE-complete.

Lemma 1. dloise has a winning strategy, if and onlffif® =y is satisfiable.

Proof. If I',© = vy is satisfiable, thel U {&} also is and the existence of a model
that satisfies it allows the definition of an initial list of idikka I-sets todloise play

her winning strategydloise has only to provide the Hintikka I-sets associated to each
world in this model of” U {¢}. For the other direction, let us suppose thiatise has a
winning strategy. This winning strategy will provide us ihodel forl U {}. Since
Jdloise has a winning strategy, she has answered to each possibieafidvelard, she
also has a winning starting list of Hintikka I-sets. Thadkyise can produce a Hintikka
I-set for each attack of her opponent. IMtbe this collection of all Hintikka I-sets
possible to be generated by the winning strategylofse The modelM,R <V) is
such that:

— Ris such that, given Hintikka I-setdj,M; € M, MjRM;, if and only if for every
subformuladR.B, if 3RB & M, thenf & M;.

— = is the relation orM obtained by the winning strategy &foise, defined by the
game.

- V(A) ={M;:Ac M}.

— The assertion : o is true atVi;, if and only if, {g,a} is contained in;.

— The assertion| < pis true atM;, if and only if, H; < M; andq < p € Hj, for some
H;j belonging to the initial Hintikka I-sets provided BYjoise.

From Lemma 2 we can see thatiibise has a winning strategy, thénJ {&} has a
model. This finishes the remaining direction of this proof.

Lemma 2. For every subformuladfU{{}, (M,R,X,V) =u; a, if and only if,a € M;.

Proof. We proceed by induction on the number of symbolea ifFor assertiong < p,
p: a and for atomic conceptS it is a straightforward application of the definition of
(M,R,%,V) =m a. Consider of the formay Moz and(M, R, X,V) [=u, 01Maz. By



“hermann50” — 2012/9/11 — 12:52 — page 149 — #155 jg

Intuitionistic description logic and legal reasoning 149

definition of = we have(M, R <,V) =w; 0k, k=1, 2. By inductive hypothesis, we have
ax € M. As M; is maximal and consistertiy M o> € M;. For the other direction, if we
suppose thati; Maz € M;, thenay € M;, k= 1,2, sinceM; is a maximal consistent set
of subformulas of U{&}. By inductive hypothesis and the definitionfefwe conclude
that(M,R,<,V) =m, airay. If ais of the formay C a, Suppose that1 C az ¢ M;, as

M; < M; and by fact 2 we have; € M; anda> ¢ Mj, and hence by inductive hypothesis
(M,R,R,V) =m; a1 and(M, R, X,V) [£n; 02, henceM, R, =,V) £y, a1 C az. On the
other hand, consider that C o, € M;. We know thaBloisehas a winning strategy, so,
if Vbelardchooses to attaak; C a5 in M;, Jloiseis able to provide an answ¥r, such
thatM; <Y, by construction, and eitheér; € Y anda, €Y, or a; ¢ Y.By fact 4, this
also holds for every othéf, such thai; < Y, thus, we havéM, R, <.V) =u, a1 C d».
The cases for:a andJR.a are analogous to this last case. This finishes the proof of the
lemma.

The following facts are used in the proof of Lemma 2.

Fact 2 If M; < Mj, then for every subformulay C a of T U{E}, if o1 C a2 ¢ M;, then
oy € Mj andaz ¢ M;.

Proof. By definition of the model in Lemma 1.
Fact 3 If M; < Mj, then for every subformutaa of T U{&}, if ~a & M, thena € M;.
Proof. By definition of the model in Lemma 1.

Fact4 If a1 C as € M;, then for each Ye M, such that, M< Y, eithera; € Y and
a2 €Y,oray €Y.

Proof. If there isY, such thatM; < Y anday € Y andaz €Y, thenay C dy is not
attacked byvbelard. This means tha¥l does not contain every possible choice of the
Jloisewinning strategy. This contradicts the definition\df

4 Private International Law

A concept symboC, in a description logic language, is associated to a sulidegal
statementsepresenting &ind oflegal situation. Roles in the description logic language
are associated to relations between tHegal situationsimposed by the relationship
between pairs of valitegal statements

We provide some details of how we model the legal situatiamkmas “Conflict of
Laws in Space” within the scope Bfivate International Law

Consider the following situatiorPeter and Maria signed a renting contract. The
subject of the contract is an apartment in Rio de Janeiro. ddv@ract states that any
dispute will go to court in Rio de Janeiro. Peter is 17 and Mais 20 years old. Peter
lives in Edinburgh and Maria lives in Rio.

In order to proceed with our formal reasoning, the legalestent (1)Maria and
Peter have contractual obligations and rights to each ottecerning an apartment in
Rio de Janeirdhas to be valid. VLSs are the only individuals. There is nalidMegal
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statementThis follows from the foundations of jurisprudence assdrimethis article.
We will denote bycmpthe legal statement (1) above. As before, let us denotBRy
the set of (valid) individual legal statements in Brazildabhy SCthe set corresponding
to Scotland Since 18 years old is the legal age in Brazil, there is noviddal legal
statement about Peter in Brazil. Thus, the stateritania is of legal agemlafor short,
is in BR, andpla (Peter is of legal aggis in SC There is a natural precedence relation
between legal statements, only legally capable indivisltiave civil obligations. In
other words,pla < cmpandmla < cmp Let PlLggr be the set of legal statements in
Brazil describing itsPrivate International Law Of course we hav®lLgr C BR By
its very naturePlLgg is a disjunction of concepts of legal statements that subsum
JLexDomiciliumAbroad

It is worth noticing thatPrivate International Law(PIL) relates legal statements
in different contexts, locations, time, etc. Thus each memd§ PIL corresponds to
a specific context, here a geographical living plagkroadis the union of the legal
statements holding in each country, but BrakgéxDomiciliumis a legal connection,
a relationship between laws in jurisprudence terminolegyiten LexD in the proof.
The pair of legal statement®la, pla) is in LexDomicilium since Peter lives in Scot-
land, abroad as far as Brazil is concerned. Summing up, we thevfollowing set of
axioms:®

A= {mla: BR pla: SC pla=<cmpmla= cmp pla LexDom pla
Q = {PlLgr = BR SC=- Abroad pla: BR=- cmp: BR
JLexDomAbroad L! ... = PlLggr,mla: BR}

Q displays the axioms stated in sequent form, whiiss the set of concepts that we
use to prove thatmp: BR We start with the derivation presented in Fig. 2, where the
sequents i are used freely. The name of the concepts were shortenea dypacte
limitations for displaying the proof tree.

We already know thah = mla: BR sincemla: BRoccurs inA. Naming ad1 the
proof of Fig. 2, and, using the axioms frafyywe conclude thatmp: BR, Fig. 3.

We conclude thatontracte BR for each legal statement generaliziogntract,
with regard to=<, namelypla andmla, is in BR For the interesting case we note that
pla: dLexDomiciliumSCLC PlLgr C BR by the definition o3R.C concepts. This ar-
gumentation can be obtained from the proof. In fact it refleeich step in the proof.

If one useALC instead ofALC in the example formalization, one needs to consider
a legal ontology involving non-validegal Statementgand hence aad hocontology re-
garding jurisprudence main concepts. Dealing with nomdabal statements will also
increase the complexity of the ontology considered. Of sewe simplified our exam-
ple, since it only considensla andmlaas succeedingontract In a real ontology, many
more statements would have to be considered, for exakhai@-ownsthe-apartment
among them. This, we believe, would turn much more complextassicALC case.

The sequent calculus fo&LC is inspired by [21] where labels are used for context
controlling. This mechanism is shown ( [22]) to be useful wiikefining a Natural

8 The axiommla: BR pla: BR= cmp: BRstates that the contract is valid in Brazil whenever
both agents are liable in Brazil. In fact, this is an instaoica general law principle.
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B
A= pla: BR mla BR pla: BR=cmp: BR cut
A mla: BR= pla: BR A= mla: BR
A=cmp BR

cut

Fig. 3. Derivation ofA = cmp: BR

Deduction system foALC. ForiALC we have already labels for the individuals. So
here, we present the version without labels for roles.

5 Related Work

This work is analternativelogical basis folLR. In this section we briefly discuss two
other main approaches: (1) The Deontic Logic approach,@)d@he Defeasible Logic
approach.

Many approaches toR using deontic modalities have been proposed, from von
Wright's seminal paper [23] to Mally, who was the first to esage a logic for norms.
While the motivation is clear, deontic reasoning seems t@ lamost the same prob-
lems as their non-deontic counter-parts. The many paradbaeare known from philo-
sophical logic, concerning moral and/or legal questions,ret solved with deontic
logic. In fact, they are only concisely expressed in dediatiic. Alchourrén suggests
that a norm should not always have assigned truth values.giée avith this, but our
approach is distinct, since for us a norm never has a truthevah this way we are
closer to Kelsen’s dichotomy (valid law vs. invalid law) th&o Alchourrén. It is im-
portant to note that the pure use of a deontic logic has bemmrsto be inadequate to
accomplish the task of formalizing legal reasoning. Demluijjic does not seem prop-
erly to distinguish between the normative status of a stnand the normative status
of a norm (rule).

In Sartor’s work [24], each law is defined as a defeasible (@lesentence). A law
has the general form < B1 A...Bn AS(—V1) ... A S(—Yk), Wherea is the conclusion,
each; is aprincipal fact and eacly; is asecondary factin a trial, the onus of the
proof of a principal fact is on thplaintiff, while the onus of the proof of any of the sec-
ondary factgy;j, is on thedefendantThe law can be applied, if and only if, the defendant
cannot provide proofs for the secondary facts. This appreadearly dynamic, it aims
at showing how a law can be used in a trial. Each law corresptanal defeasible rule at
the logical level. There are other approachesrRausing defeasible reasoning that are
similar to [24]. Comparing these approaches to ours, welsatyolrs is static, we can
only represent the legal world by means of the laws. In ouirggtreasoning is con-
ducted as if the legal proofs admitted at the trial were alydaws (individually valid
legal statements). We are able to express, as [24], therredsp the judge provided
the sentence, but we cannot provide any clues about the dgsaaifithe trial. On the
other hand, since we do not use defeasible reasoning, otwaxipis logically simpler.

Defeasible logic has linear time algorithms for derivdpilhowever, the language
is restrict, there is only negation on atoms, the implicadibave atomic conclusions
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and there is no disjunction. For this language, there arel@sar time algorithms for
ALC. But ALC is not a defeasible logic. Anyway, it is worth noting that ireelr time
defeasible logic exists for dealing with the full propasital language since classical
propositional logic is NP-complete. Our calculus takegadrcyclic TBoxes, since the
axioms of a given theory will appear as additional (nondagjitop-sequents in a proof.

6 Conclusions

We usedALC to provide an alternative, and, we claim, more appropriénition of
subsumption in the legal reasoning domain. The systeér@ deals with the jurispru-
dence approach which consists of considering all (pogsietglly valid individuals
statements as laws. Conflict of laws is formalized by meanaldaf, by showing its
adequacy to perform coherence analysis in legal Al. Theesggealculus helps in this
task. Our approach is different from [25], where the reasgi by means of argumen-
tation and opposition of propositions. Our basis is quigidct, since we do not con-
sider “laws” as propositions. Our approach is static whdet&’s approach is dynamic,
but this also means that our logical basis is simpler, andgeguently, computational
support should be easier.

Our calculus first appeared in [17]. The example shown heseraiaghly modeled
by the authors in [26]. Its use in formalizing the situatidrconflict of laws in space is
the novelty of this paper. In future work we intend to compawe results to the ones
of [27-29] and [30].
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