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1 Introduction

PartitionsandRelations

1. Equivalenceelationsconnectedo partitions (well known)

(—) Every equivalenceelationgivesa partition

(~—) Everypartitioncomes fromanequivalenceelation

2. Jean-Baptiste Joinet

(i) Some non-equivalencelationsgive partitions!
Homo hominis lupus Virus feminae lupus

(¢) Which non-equivalenceelationsgive partitions?
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2 Partitions and Relations

2.1 Partitions

Importance abstraction

Example 2.1(Geometry) Direction (inclination)

oy

Direction = set of (parallel)straight lines




Example 2.2(Arithmetic). Rationals and fractions

Numerator
Denominator

1 4

Fraction:

10 15

10

60

6

60

Several fractions for a single rational.

Rational = set of fractions




Partition of set S

setP of subsets of Scalledblocky, s. t.:

() VBeP: B #0
everyblock has somelement

U) S € User B
everyelements in someblock

(N VB,CeP:BNC #0 = B=C
distinctblocks aradisjoint

non-void

disjoint




A partitionlooks as follows:

(See Examples 2.3: Extreme partitions of Nedf naturals, p. 8
and 2.4. Particular partitions, p. 9.)




Example 2.3(Extreme partitions of séf of naturals)

Oneblock partition Singletonblock partition

{iO,l,Z,...,n,...}:} {{0},{1},{2},....{n},...}
N

Remark 2.1 (Extreme partitions) Non-empty seb £ 0.

e Oneblock partition Q = {S}

e Partition intosingletonblocks R ={{a}CS/acS}




Example 2.4(Particular partitions) Partitions of some sets.

e Set{ab,c,d e}

Bo B1

finitely many (3)

Bo B1

partition P3

finite blocks

B2

{Ana , Diogo} {Beta , Edy
{ Abel , Deportivg {Beto , Excelsio¥

{0,3} {1,4}

{Cica}
{ Cadu}

12}




e SetN of naturals partitionP4 (modulo 4)

) ( ) ( )

remainder r division byt

finitely many (4) infinite blocks




e SetZ of integers partitiorp|, (absolute-value)

infinitely many

D; D, D3
11,i} {2 2-i} {3 3-i}
{0} {+1,-1} {+—-——} {+3 ——}

{0t {+m,-1} {+— ——} 1+3 ——}




e SetN, of positive naturals partitiorP,

Infinitely many infinite blocks




Partition

Nbr. blocks

Block size

finite
finite

Infinite

Infinite

finite
Infinite
finite

Infinite




Remark 2.2 (Partition block) Unique block with element.
Partition P of S, elemens € S 3! blockB € P, s.t.s € B.

Partition block function P(e):S— P

VSESVBEP:(P(S):B & seB)

Example 2.5(Partition block function) Partition P3
(Example 2.4: Particular partitions, p. 9), functi®i(e):

NS




2.2 Relations

Relation— on set S (See Example 2.3: Classes of relations, p. 8]

(bm) Domain elements with successor
Dm(—) = {aeS/dbeS:a — b}
(Img) Image elements with predecesso
Img(—) = {beS/dJaeS:a — b}
() Classofac S reached elements
@ = {beS/a— b}

(/) Quotient set set of classes

S/— = {[§CS/seS)




Example 2.6(Classes of relations)SetS = {a b, c}

Relation— Partition?

{ab} {ab}

by {c

{a b}




Properties of relations relation on set S
1. Reflection point s 3

— reflexive(Rfl) iff VseS:s— s e

. Symmetric pair a~ p =

— symmetriq'Snm) Iff VabeS: a— b = b — a

a—>p = a

. Transitive triple J/ \
C

C
— transitive(Trn) iff Vab,ceS: a— b —c¢c = a—c

. EquivalencgEqv): reflexive, symmetri& transitive.

d

(See Example 2.7: Relation modwkpp. 18.)




Example 2.7(Relation moduldk). Given natural ke N.
. RelationrmodulokonN: m=,n iff m—n is multiple of k.

. ForallmneN: & m=xghn < m=n.

. Example 2.4 (Particular partitions, p. 10) shows quotiBii~4.

. Example 2.3 (Extreme partitions of $&bf naturals, p. 8) shows
quotientsN /~1 (oneblock) andN /¢ (singletorblocks).

5. For each ke N, = is an equivalence.




Remark 2.3 (Equivalences and partitionsyetS # 0.

(—) For eachequivalencev onS: S/~ is apatrtition of S.

() For eachpartition of P of S: there is anequivalence- on S, s. t.
P=S/~ (namely:~ s.t.a ~ biff P(a) = P(b)).

v

Naturalquestion J.-B. Joinet

Question Which partitionscan be induced by mon-equivalence

Conjecture Everypartitionwith more than 1 block




2.3 Relationsand Partitions

When is the quotient a partition?

Proposition 2.1 (Quotient and partition) Given relation— on setS # 0,
quotientS/— is a partition iff — satisfies the 3 conditions:

®) S VacSdbeS:a — Db

(1) S VbeSdaeS:a — b

[ b——1t )

= VYteS )

r—..




Example 2.8(Conditions for quotient partition)SetS = {a, b, c}.
Relations in Example 2.6 (Classes of relations, p. 16).

Relation— ® ) ()

Partition

Partition




Reflexion point® confluence propertyj (cf. p. 20)
Lemma 2.1(Reflexive confluence)Relation— with confluencey

1. b: reflexion point b@ = (ab,c): transitive triple

2. ab: reflexion pointSC a b 3 —  (ab): symmetric pair

_ — symmetric _
3. — reflexive = . equivalence

— transitive

(See Example 2.9: Reflexion points and confluence, p. 23.)




Example 2.9(Reflexion points and confluenceConfluence propertyj

1. b: reflexion point

NN

2. a b: reflexion points

Ca7 0D = CalZo))

Partition from non-equivalence

Corollary 2.1 (Partition from non-equivalenceRelation— onS # 0

S/—: partition _
_ = —: non-reflexive.
— non-equivalence




Strong negative properties of relations relatioron set S

(siR) — strongly irreflexive iff no reflexion point:

VseS: sAs ie. VseS:s&]g

(saS) — strongly asymmetric iff no symmetric pair:
VabeS: a—b = Db-4a

(saT) — strongly anti-transitive  iff no transitive triple:

VabceS: a—b—-¢c = ahc

(saE) — strong anti-equivalence

strongly irreflexive, asymmetri& anti-transitive.

(See Example 2.10: Relatidgsuccessor, p. 25.)




Example 2.10(Relationk-successor) Given natural ke N.
1. Relation ksuccessoonZ: m-<xn iff m+k=n.
2. Relation<i onZ: 1 chain

-2 <1 -1 <1 0 =<1 41 =<1 +2 =<1

. Relation<, onZ: 2 chains
-4 < -2 =< 0 +2
-3 <2 - <2 +1 +3

. Relation<s onZ: 3 chains
-6 <3 -3 <3 0 <3 +3 +6
-1 <3 -2 <3 +1 =<3 +4 +7
-2 <3 -1 <3 +2 <3 +5 +8

. For each natural k> 0, < Is a strong anti-equivalence.
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3 Relationsand Partitions: Examples

3.1 Relationsfor Finite Partitions

Example 3.1(Partition with 2 finite blocks) SetS= {a b,c}, 2-block
partitionP = {B,C}, withB = {ab} & C = {c}.
Relations ors inducing partitionp.

1. Relation—= {(aa),(a,b),(b,c),(c,a),(c,b) }:

Relation—  non-reflexivenon-symmetricnon-transitive

Ve

b (a‘,rb) (bjcr,b)




2. Relation—= {(a,c),(b,c),(c,a),(c,b)}:

& = 1o = {c}
C

Relation—  symmetric, non-transitive, strongly irreflexive.

So, have non-equivalences inducing partittor= { {a,b},{c} }.




Example 3.2(Partition with 3 finite blocks) Set{ a,b,c,d, e},
P3 = {Bo,B1,B>}, with blocksBg = {a,d}, By = {b,e} & B, = {c}.
(cf. Example 2.4: Particular partitions, p. 9).

Relation— on{ab,c,d,e}:

d] = {b,e} =B
€] = {c} = B2

ic] = {a,d} = Bo

Relation— strong anti-equivalence.




Example 3.3(Single finite block) SetS = {a b,c},
relation — on Sinducing single-block partitio®q = {S}.
Relation— onS = {ab,c}:

N CaA;\C

a = {ab,c}

o] = {ab,c} =

c] = {ab,c}

Relation— (full) equivalence.




Example 3.4(Two-singleton partition) SetS = { L, T },
2-block partitionP = {{L},{T}}.
Strongly irreflexive relation— on SinducingP. So,1 A1 & T-AT.

Relation— onS= {1, T }:

1]+ 0
T] # 0

Relation— strongly irreflexive, strongly anti-transitive, symmetri




Example 3.5(Partition with 4 infinite blocks) SetN, modulo-4 partition
Pg = {Cp,Cq,Cp,Cg } with blocksCy = {0,4,8,...,4-n,...},

C, =1{1509,...,.4-n+1...},C,={2,6,10,....4-n+2,...} &

C3 =1{3,7,11.....,4-n+3,...} (cf. Example 2.4, p. 10).

Relation— onN:

Then:[4-n| =Cq,[4-n+1 =Cy, [4-n+2] =C3& [4-n+3] = Cp.
Thus, relation— induces partitiorP3 = {Cp,C1,Co,C3 }.
Relation— strong anti-equivalence.




3.2 Relationsfor Infinite Partitions

Example 3.6(Infinite partition with singleton blocks)SetN, partition
P1 = {{n} CN/ne N} (cf. Example 2.3, p. 8).

Relation— onN (indexN by Z):

Then:[2-n+3] = {2-n+1}, [1] = {0}, [0] = {2}, [2-n] = {2-n+2}.
Thus, relation— induces partitior; = {{n} CN/ne N}.

Relation— strong anti-equivalence.




Example 3.7(Infinite finite-block partition) SetZ, partition

P ={DnCZ/ne N}, withDg = {0} & Dy = {—n,+n} (for n> 0)
(cf. Example 2.4: Particular partitions, p. 11).

Relation— onZ given in Fig. 1 (p. 35).

Then:

[+3] = {—1,+1} = Dy, [-1] = [+1] = {0} = Dy,
2,42} =Dy, [-2] = [+2]| = {—4,+4} = Dg,
[ ] { 6 —|—6} Dsg, ...

Thus, relation— induces partitiorp| = {Dn CZ/ne N}.

=3 =

{-

Relation— strong anti-equivalence.




Figure 1: Relatiorior absolute-value partitioR of Z

—(2-n+3) +(2-n+3) D2nys

)

—|—(2- n+ 1) D2.n+1




Example 3.8(Infinite infinite-block partition) SetN_ , partition
Po = {EnCN;/neN} withE, ={2"-(2-m+1)eN/meN}
(cf. Example 2.4: Particular partitions, p. 12).

Relation— onN_ given in Fig 2, p. 37.

Then:

ey [2(2-n+3)] =Eoni1, ..., [2] = ko, ..., [2(2-n)] =Eonio, ...

Thus, relation— induces patrtitiorP,, = {E, C N, /ne N}

Relation— strong anti-equivalence.




Figure 2: Relatiorior infinite-block partitionP,, of N

2(2n+1) | (2 m- 1)

(2- m+1

( ><
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4 Relationsfor Partitions: Analysis

Set S#£ 0, partitionP of S, relation— on S:

— InducesP (— < P) iff S/— = P.

4.1 Limitative Results

Proposition 4.1 (Relation for one-block partition)SetS # 0,
one-block partitiod = {S}, relation— on S.
— <1 Q = — = SxS
N——
full
equivalence

(Cf. Example 3.3: Single finite block, p. 30)




Proposition 4.2 (Relation for two-block partition) SetS +# 0,
2-bock partitionP = {B, C}, relation— on S.

[ ar )

= SR . = (BxC)U(CxB).

strongly saT, Smm
\ irreflexive )

(Cf. Example 3.4: Two-singleton partition, p. 31)




4.2 Relation from Partition

Set S, subsetgl, N C S, relation— matchedV to N Iff

YVabeS: a—Db & (aeM & beN)

Lemma 4.1(Matching relation) SetS, subsetdd,N C S, relation —
matchingM to N. Given elementn € M:

1. Vbe S: m-—-Db & beN;
2. Class: [m| = N.




PartitionP of S _
—  relation of t:

transformatiort : P — P

t
a — b

Notation Fx(f): fix-point set off

Proposition 4.3(Relation of partition transformationpartition P of S,
functiont : P — P.

1. Fx(t) =0 = L. SR, saT (str. irreflexive, anti-transitive)

2. Fx(t?) =0 = L sas (strongly asymmetric)

3. VB €P: ( ® matcheB toB* -, VacB:[a = B* >

4. t: bijective = LR
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5 Relationsfor Non-trivial Partitions

Permutations of partitior = {B; C S/ie 1}

Lemma 5.1(Finite partitions) I = {0,...,m} (me&N).
PartitionP = {By,...,Bm} (cf. Examples 3.2, p. 29, and 3.5, p. 32)

m\ fixpoint | Fx(g) Fx(g?)

m=20 {Bo} {Bo}
m=1 0 {Bo}
m>1 0 0




Lemma 5.2(Infinite partitions) Concrete index set

1. Permutationsof = {B; C S/reR} successo& predecessor

Fixpoints  Fx(0) = 0 = Fx(0?)

2. Integers:.I = Z restriction




3. Naturals:I = N bijectionN — Z . Example 3.6, p. 33)

Bz-n+3
™
Bz-n+1




Infinite Partitions (general case)

Proposition 5.1 (Permutation for infinite partition)

< Partition P Infinite P )

4

( d permutationt : P — P

Compactnes& downward Lowenheim-Skolem,
see van Dalen pp. 121, 123 (Exercise 10.(v))



Theorem 5.1(Relation for non-trivial partition) Partition P of S# 0
with | P | > 2, there is a non-equivalenceiR, saT) : inducingP:

(=) |P| =2 = L. smm (symmetric)

(>) |P|>2 = L sas (strong anti-equivalence)

Rfl? Smm?  Trn?

SiR Smm saT

SIR saS saT
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6 RelationsIinducing Partitions

Theorem 6.1(Relation inducing partition) Partition P can be induced by
a non-equivalence iffp | > 1.

Theorem 6.2(Summary) Relation inducing® = {B; CS/i€1}

Partition P RII?  SmP? Trn? | Exhibit?

Infinite I SiR saS saT No

InfiniteI € {R,Z,N} | siR saS  saT
Finite | I | > 2 siR saS saT
Finite | I| =2 siR Shtm saT

Finite | I| =1 Rf | Stm  Trn




Remark 6.1 (Examples) Relations for partitiorP = {B; CS/i €1}

1. InfiniteI € {R,Z,N} (siR, saS, saT) saE:
P4 in 3.6 (Infinite partition with singleton blocks, p. 33);
P in 3.7 (Infinite finite-block partition, p. 34);
P in 3.8 (Infinite infinite-block partition, p. 36).
2. Finite | T| > 2 (siR, saS, saT) saE:
P35 in 3.2 (Partition with 3 finite blocks, p. 29);
P4 in 3.5 (Partition with 4 infinite blocks, p. 32).
3. Finite|I| =2 (siR, StmsaT)  Edv:
P in 3.4 (Two-singleton partition, p. 31).

4. Finite| I| =1 (Rf 1, Smm Trn) Eqv:
Po in 3.3 (Single finite block, p. 30).




Other Aspects

1. When doea relationinducea given partition?

Similarto Proposition 2.1: Quotient and patrtition, p. 20.

2. When isarelation“uniform” w. r. t. a partition?

When one has: sanwassesff sameblocks
(cf. Example 3.2: Partition with 3 finite blocks, p. 29)

3. Can one have non-uniformlationsinducinga partitior?

Yes; see Example 3.1: Partition with 2 finite blocks (first
relation), p. 27.

4. Do we neegartitionpermutations?

Yes, if we wish unifornrelationsinducingthe partition
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A Detalls

A.1 Details onPartitions and Relations(Sct. 2)

Remark 2.2 (Partition block).Unique block with element.
Partition P of S, elemens € S: 4! blockB € P, s.t.s € B.

[y = 4 n = ! (cf. p. 6)]




Propostion 2.1(Quotient and partitioniven relation— on setS # 0,
quotientS/— is a partition iff — satisfies the 3 conditions:

®) S C Dm(—)

() S C Img(—)

= VYteS

VbeSHdaeS:a — b

VbeSHdaeS:a — b

{b—>t\

4

r—,




Reflexion point® confluence propertyj cf. pp. 20, 55

Lemma 2.1(Reflexive confluencdRelation— with confluencey)

1. b reflexion point = (ab,c): transitive triple

2. a, b: reflexion points = (a b): symmetric pair

_ — symmetric _
3. — reflexive = . equivalence

— transitive




Corollary 2.1 (Partition from non-equivalencelRelation— onS #£ 0

S/— . partition

_ = —: non-reflexive.
— non-equivalence

Proof. Lemma 2.1: Reflexive confluence, pp. 22, 56.




A.2 Detalls onRelationsfor Partitions: Examples(Sct. 3)

Strong anti-equivalences for partitions non-unifor

Example A.1 (Four-block partition, 5 elements)




Example A.2 (Four-block partition, 6 elements)




Example A.3 (Infinite partition, finite blocks) SetN, modulo-4 partition
P4 = {Co,Cyq,Cy,C3} with blocksCy = {0,4,8,...,4-n,...},
Ci=1{1509,...,4-n+1...},Co={2,6,10,....4-n+2,...} &

C3 =1{3,7,11....,4-n+3,...} (cf. Example 2.4, p. 10).

Desired classes:







Example A.4 (Infinite partition, finite blocks) SetZ, partition
P ={DnCZ/neN},withDg = {0} & Dn = {—n,+nj} (for n > 0)
(cf. Example 2.4: Particular partitions, p. 11).

Desired classes:




Relation— onZ:




Example A.5 (Infinite partition, infinite blocks) SetN , partition
o ={EnCN,/neN}, withE, ={2"-(2-m+1) e N/me N}

(cf. Example 2.4: Particular partitions, p. 12).

Relation— on N, :

2(23) . (2.m+1)

2-(2-m+1)

(2-m+1)

2-(2-m+1)

2(24) .(2-m+1)




A.3 Detalls onRelationsfor Partitions: Analysis (Sct. 4)

Proposition 4.1 (Relation for one-block partitionsetS +# 0,
one-block partitio = {S}, relation— on S.

= — = SxS
——

full
equivalence

Proof.
See Fig. 3, p. 6€cf. Example 3.3: Single finite block, p. 30)




Figure 3: Relation— inducing one-block partitioq = {S}

acsS




Proposition 4.2 (Relation for two-block partition)SetS # 0,
2-bock partitionP = {B, C}, relation — on S.

(—><P\

—. SIR
——

— = (BXC)U(CXBZ.

\ .

"~

strongly saT, Smm
\ irreflexive )

Proof.
See Fig. 4, p. 6&f. Example 3.4: Two-singleton partition, p. 31)




Figure 4: Strongly irreflexive relation- inducingp = {B,C}
beB ceC
Y
c] #C




Lemma 4.1(Matching relation) Set S, subséds N C S, relation—
matchingM to N. Given elemenin € M:

1. VbeS: m —-b & DbegN;

2. Class: [m] = N.

Proof.

1. meM = (m—>b & beN).

2. Followsfrom1l. (ab e [m < m — b).




Proposition 4.3(Relation of partition transformation)Partition P of S,
functiont : P — P.

1. Fx(t) =10 = L. SiR, saT (str. irreflexive, anti-transitive)

2. Fx(t?) =0 = L. sas (strongly asymmetric)

3. VB € P: ( ® matcheB toB* -, VacB:[a = B* )

4. t: bijective = LA




Proof.

1. Fx(t) = 0

t
(siR) S — S

(saT)

& acP(a) & bep(a)’.
VBeP3te Bt : [t] = B.

4|




A.4 Detalls onRelationsfor Non-trivial Partitions (Sct. 5)

Proposition 5.1 (Permutation for infinite partition).

< Partition P Infinite P )

4

( J permutationt : P — P

Proof. Compactnes& downward lowenheim-Skolem,
see van Dalen pp. 121, 123 (Exercise 10.(v))

(First-order theory : f bijective,Fx(f) = Fx(f?) = 0,
{-c=d/c#d e C}, setC of new constantsg, for each block B= P.
[" finitely consistent (Lemma 5.1: Finite Partitions, p. 44).

[ has modet with | 90t | = | P |. Use bijection to transfef”* to p.)




Remark A.1 (Permutations o elements) n=3-g+r, 0<r <3




Theorem 5.1(Relation for non-trivial partition).Partition P of S 0

with | P | > 2, there is a non-equivalencesiR, saT) : inducingP:

(=) |P|=2 =3 l: Smm (symmetric)

(>) |P| > 2 ~ % sas (strong anti-equivalence)

Proof.

Previous results:

Lemma 5.1 (Finite Partitions, p. 44) and

Proposition 5.1 (Permutation for infinite partition, p. 72)




A.5 Detalls onRelationsInducing Partitions (Sct. 6)

Theorem 6.1(Relation inducing partition)Partition P can be induced by
a non-equivalence iffp | > 1.

Proof.

Proposition 4.1 (Relation for one-block partition, p. 6Gfa
Theorem 5.1 (Relation for non-trivial partition, p. 74).




Theorem 6.2(Summary).Relation inducin = {B; CS/ie€1}.
Proof.

Previous results:

Theorem 5.1 (Relation for non-trivial partition, p. 74),

Lemma 5.1 (Finite partitions, p. 44) and
Proposition 4.1 (Relation for one-block partition, p. 65).




A.6 Detalls onRelationsand Partitions

When does relationinducea given partition?

Proposition A.1 (Relation and partition) Given relation— and partition
P on setS=# 0, — < P iff — andP satisfy the 3 conditions:

®) S VacSdbeS:a — Db

(1) S VbeSdaeS:a — b

(W) VaeSVBeP: [dNB # 0 = [d = B




Proof. Proposition 2.1: Quotient and partition, p. 20.

(=) Quotient §— is a partition .. (d) & (1)

Givenac S, for someC € P, [§) = C. So:
@nNB #0 = CNB#0 = C=B = [d =B

(<) Weshow: & )& () = S/— = P.

(C) Givenae S, by @), have soméc S,s.t.a — b; so
b € [a NP(b) # 0, whence ) yields[a = P(b).

(D) Givenbe S, by (), have somac S,s.t.a — b; so
b € [a NP(b) # 0, whence ) yieldsP(b) = [a.




Given relation— and partitiorP on set S# 0:

1. — smooth orP |ff

vabes ( p(a)

2. — nice forp |ff

VabeS ( E

3. — uniformoverP iff — smooth orP & — nice forP.

(See Examples A.6: Smooth relation, p. 80 and A.7: Niceimap. 81.)




Example A.6 (Smooth relation)

Classes:

Relation—: not nice




Example A.7 (Nice relation)

Classes:

al] = [ol] =

d =C

Relation—: not smooth




Relationon set Transformation ormartition

PartitionP of set S# 0.

(—) Givenrelation—~onS +~  transformation of—:

ASB & JacA:lad =B

(«) Given transformation € PxP +—  relation of t:

(See Example A.8: Relations and transformations, p. 83.)




Example A.8(Relations and transformationsyetS= {a b,c}, 2-block
partitionP = {B,C}, withB = {a b} & C = {c} (cf. Example 3.1:
Partition with 2 finite blocks, p. 27).

1. Relation—= {(a,a),(a,b),(b,c),(c,a),(c,b)} (cf. p. 27):

d=[c =B b =C

not nice not smooth




2. Relation—= {(ac),(b,c),(c,a),(c,b)} (cf. p. 28):




The next result gives some properties of relations for atgartand
partition transformations (cf. p. 82).

Proposition A.2 (Relation for partition) Given partitionP and relation
— s.t.— < P, consider transformatiors C P x P and relation—.

1. dm(S) = P = Ig(S)  — C =

2. If — smooth orp, then: — C — & = is functional.

3. If — nice forP, then = s injective.




Proof. Proposition A.1: Relation and partition, p. 77.

—
—

1. bom(=) = P = Img(>) —C 3
(om) ForA € P, havea€ A, so haveB € P s. t.[al = B, thusA=B.
(mg) ForB € P, haveac S s. t.[a = B, thusP(a)=B.
() a—b = beldnP(b)#0 = [d =P(b) =
JacP(a):[d = P(b) = P(a)SP(h) = a—_ b.

2. —smoothorP = — C — & = :functional

(@ a—b = P(@SP(h) = 3dcP(@):[d] =Pb) =
@ =[] = [@=[a]=Pb) = a—Db

b) ASB' & ASB’ = JdcA:[d]=B& Jd cA:[d]=B" =
dl =[] = B =[]=[a]=8"

3. —niceforp = = :injective
Al=B& AV=BJddcA’:[d]=B& Jd'eA”:[d'|=B =
d] =[] = p@)=pP@E) = A =pE)=pPE)=A".




A uniform relationfor a partitionis obtained frona permutation.

Theorem A.1(Uniform relation for partition) Consider partitiorP and
relation — s. t. — inducesP and — is uniform overp.

1. Transformation= is a permutation orp.

2. Relations coincide: — = .

3. Hence: relation— is the relation = of permutation = onP.

Proof. Proposition A.2: Relation for partition, p. 85.




