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Goal

> Two approaches are presented for characterize 
mammogram images by local lacunarity. 

> The first approach, named multi-threshold 
lacunarity, makes use of binary lacunarity
techniques:

 threshold the grey scale image of the mammogram in two or more binary 
images. 

> The second approach visualizes the grey level like 
another dimension

 the 2D grey scaled image is treated as 3D medical image. 

> Local lacunarity can be used as a new feature in the 
pattern recognition process that is very effective for 
identification of natural textures. 

> The results of the two approaches are illustrated by 
malign and benign mammograms.
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Basic concepts

> Important applications of fractals are in the field 
of natural image texture analysis. 

> Fractal dimension represents the complexity of a 
texture in their description space. 

> Different textures having same fractal 
complexity present same fractal dimension (FD).

> Empty spaces or gaps and their spatial 
distribution are very important aspects.

> These are manifested in terms of lacunarity and 
succolarity.
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Proposed approaches

> The gliding box algorithm considers a box of 
side s which glides in the object on all possible 
manners computing the mass distribution with is 
basic for the lacunarity measure. 

> The notion of position is added to make it 
possible to distinguish among different part of 
the same set.
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Proposed approaches

> The proposition for compute Local Lacunarity
(LL) comprehends the following steps:

 1) Objects to be computed are first adjusted to an axial aligned
bounding box (AABB). Lacunarity can be computed on 2D grey-
scaled images by: 

• threshold on a specific level to convert it to 
binary images; or 

• the third coordinate can be used and the images 
can be seen as collection of voxels. Where on a 
specific resolution each voxel can only be 
considered as empty or full.
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Proposed approaches

> 2) The gliding box method is used to get the mass 
probabilities for the AABB in all possible combination of 
parameters: 

 gliding box edge = s; object resolution = r;  size = S;  thresholds levels = t; and  
position (i,j).

> The gliding boxes (GB) overlap.

> The box of s x s x s voxels glides over the entire image 
registering each time the number ni of non void voxels
related to that resolution and its side, s.

> s3 = maximum number of voxels for the box side s.

> Number of non void voxels, {ni}, i ∈ {1,2,....N}.

> Frequency of boxes of size s with mass M = ni(M, s). 

> Number of boxes of size s, N(s) = (S – s + 1)3

> Q(M,s) = ni(M, s)/N(s) = probability that a GB of side s 
contains M non void voxels
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Proposed approaches

> Local Lacunarity (for box side s) is defined by 
the ratio between the second moment and the 
first moment square:

> Considering all BB position, (i,j), resolution, r, 
and possible threshold value, t, it is clear that 
the above expression is not only a function of 
the box side s, but related to a set of 
parameters (Λi,j(r,t,s )).

> 3) The probability obtained as a function of all 
parameters is used to define the lacunarity
associated with the local parameters of the 
object or image.
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Example 1

> Suppose the image is 
represented by 3x3x3 
boxes. 

> The total number of boxes 
of size s=2 that can glide 
inside the object is 8.

> With the gliding process 
from the most distant 
position of the viewer to 
the nearest, the number of 
occupied voxels ni found is: 

 {8, 8, 6, 5, 8, 8, 4, 4}. 

> ni(M,s) for s=2 is defined in 
table.

> Λ(2)≈43.625/(6.375)2≈1.07 
≈ Λ (3,0.5,2)



10

Example 2

> Supposing that it is 
represented by 3x3x3 
voxels, for s=2, the 
number of occupied 
voxels ni registered for 
all position of a GB is 4. 

> Then ni(M,2)=8 and 
Q(M,2)=0 for M≠4 and 
Q(4,2)=1. So Λ(2)=1. 

> For the first iteration of 
this approximation of 
Sierpinski's Sponge 
Λ1(3,0.5,2)=1. 

> Another results are 
Λ1(81,0.5,2)≈1.3449 
and Λ1(3,0.5,3)=1 
considering both the 
first iteration on the 
object construction.
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Real images

> All of the database of mammograms is located at 
http://www.ic.uff.br/~aconci/mam/frameex1.htm
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Results
Gray level = third dimension of the image
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Results

> The values of threshold were obtained 
heuristically analyzing the brightness areas of 
the images and testing some values until 
became to the optimal values.

> The images were rescaled to have the same 
resolution (200x239).

> The lacunarity plots shows important features to 
note: 

 (1) the lacunarity values reflects the degree gaps; 
 (2) the lacunarity curves is more near of a straight line as more self-

similar is the image; and 
 (3) the lacunarity values reveals the aspects of gaps distribution over 

the entire image, permitting detect presence of hierarchical 
structures, homogeneity in gaps distribution, random or self-similar 
behavior.
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Conclusions

> Method for estimation LL of any kind of 3D 
object or image. 

> It is not a simple extension of the usual 
lacunarity characterization of 1D sets 
because it considers many local aspects as:

 resolution, 
 generation,
 box size in images representation. 

> Image = element of the 3D space (its gaps 
distribution may consider the grey level 
representing z coordinate).
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Conclusions

> The two approaches obtained good results on 
characterizing the texture of the mammograms 
exams by lacunarity.

> The second approach (grey level of the image = 
another dimension of a binary image) has better 
results:

 more data are analyzed in this method 
 it does not depend of heuristic steps, like:

• the number of thresholds to use 
• the best threshold value 

> The first method requires much less 
computational effort which makes that it 
executes much faster than the second method.
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Future Works

> The use of the quadtree partition in the 
lacunarity computation could reduce the 
effort computational in the image.

> The main ideas of the two approaches 
could be used to analyze other types of 
images.

> Another fractal characteristic (succolarity) 
should also be considered to make the
pattern recognittion process better.
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Future Works

Slices Tissue 1    Tissue 2   Tissue 3

Reconstruction
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